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Color血 Ⅹ山r eis abasis ofc olorthe ory and haslo nghistory,but there r e m ain s o m e esse ntial
problems which hav enotbeen s olv edu ntiln o w･ In this thesis, u n s olv edpr oble m s relatedto additve
a nd m ainly subtra ctive c olor mixture aredis c uss ed. The dis cu ssion s arein for m s ofthe ore m s a nd
for m ulas･ Fo r e xplan atio n a ssista n c es ofthes edisc u ssio n s, n u m eric al illu str atio ns arepro vided･ A lso
practic alapplic atio n s ar ein cluded.
At the he ad ofthis thesis
,
a n o v e rview of c olor mixtur efieldand u n solv ed pr oble m s are
des cribed･ Relatedto ad ditiv e c ol r mixture
,
the or etic alan alysts Ofc olo r m atchingfun ctions r ec eiv e
fo cu s･ Additiv e c ol rmixtu reisbas ed o nthepn n ciples oftrichro m a cy, Grass m a n n
'
sla ws andcolor
m atchingfun ctio n s･ Color- m atchingfu n ctio nsfo rindividualobse rv ers, allwith n o r m alc olor vision,
c a ndiffer slgnific antly,therefore, a n e stablishm e nt ofa standardsetofc olor- m atchingfu n ctio n s w as
r equired in the history of colorim etly(CIE 1 93 1standard). A fter CIE 1931sta ndard, v ario us
e xperim entalr es ults estim ated color m atching fun ctio n s, a nd compared with CIE 1931standard.
These discussionspr o videdge n erallya c ceptedhypotheses which ha v e n otbeen pr o v entlle Oretic ally.
Tho ugh, the ge n erally ac c epted hypothes eshav e m u ch co nfide n c edu e to co n siste n cy with
in cre asing n umber ofexperim e nts, itis di用･c ult to po ol alarge n u mber ofe xperim elltalresults in
orderto r edu ce statisticaln oise s uffic ently.
H istoric aly, c olor m atching fun ctio nshav ebe en c o n stru cted based o n e xperim e ntalres ults,
a nd syste m atiz atio n&o m a unifiedtheo retic alpoint ofvie whas n otbe enperfor m ed･ T he pro c ess
which sho uldgo thr o ugh isthatstarting丘o m-the n e cess ary c o nditio nfor additiv e c ol r mixtur e, a
gen eral fo rm ula of c olo r m atching fun ctions is co n stru cted. Using the gen er al fo rm ula,
char acteristics ofc olor m atching functio n s are an alyz ed･ The n e c essary c onditio nfor additiv e c ol r
mixtu reis c o n v e xities ofchro m aticitydiagr am s which willbe explain edthe oretically. Basedo nthe
gen eral fo rm ula, un s olv ed proble ms and proble m s n ot pre vio u sly the oretically c o nfir m ed ar e
dis cu ss edrelatedto c olo r m atching fun ction s･ Thes edis cu ssion spr o vide the oreticalbackgro u ndsfor
hypothes esgen er ally a cc epted untiln ow, a nd pro vide n e wkn o wledge related to c olor m atching
fun ctio n s.
The ge n eral for m ula c o ntributes to w ard a comprehe nsiv e m odeling of the c o m m o n
char acteristics o v erthe s et including allof c olor m atching fun ctio ns s atisfying additiv e col r
mixtu re.
A dditiv e col r mixtu re results 丘o m the mixtur e of c olored light, while s ubtra ctive color
mixtu re res ultsfro m s uperimposlng abs olption m edia, s u ch as c ol ring m aterials o r colorfilters･ Itis
co n sidered that u ndersta nding the chara ctedstics ofthe tdstim ulus v alu es or c olors obtain ed by
subtra ctiv e c ol rmixtu reis n ot easy, c o mpared withtho s e obtain edby additiv e c ol rmixtu re, sin c e
the relatio n shipbetw e e n s uperimpos ed abs orptio n m edia andthetristim ulu s v alu esis n otsimple･
b thisthesis,the La血bert- Be erLa wistake n asthebasic m odel fb∫ subtractiv e c ol r血 xtur e.
T he o re m s and for m ulas r egarding the tristim ulu s v alu es of c olo rs obtain edby s ubtra ctiv e c ol r
mixtur e arepro v e n. Gen erally, l n S ubtr activ e c ol rmiⅩtu re, the res ultant tristim ulu s v alu esare not
u nlqu elydete min ed fro m c o mpo n ent tristim ulu s v alu es･ He n c e, a n alys es regarding the m a xim u m
a ndthe minim umtristim ulus v alu e s are v eryI mpo rtant tO u nderstandthepo ssible range s ofres ultant
tristim ulu s v alu es ofs ubtr a ctiv e c ol r mixtur e･ In addito nto thes eparam eters, the c entroid ofthe
possible r ange ofa s ubtr activ e col r mixtu r eis a nimpo rta ntpara m eter. The ce ntr oid ofa pos sible
r angeis ess e ntial and v ery helpful for m aking a re as o n able predictio n ofs ubtra ctiv e c ol r mixtur e.
The u n s olv edpr oble m sdisc u ss ed arefbm las ofthe minim u m a nd the m a xim u mbo undaries of
s ubtra ctiv e c ol rmixtu re
,
and fo rm ulas ofthe c entroidofsubtr activ e col r mixtu re.
The r esults 丘o mthisthesis c o ntributeto w arda co mpr ehen siv e m odeling ofsubtra ctiv e color
mij(tu re.
T血e res111ts orthis thesis ar e es se ntial and c o ntd bute to w ard a syste m atiz atio n of c olo r
mixtu rein thehisto ry.
1.G E N ER A LI NTR O D 町C TI O N
1.1.B A C K G R O U N D A N D PU R P O S E O F T‡‡E S T U D Y
The n atu re ofcolorvisio nhaslo ngbee n studied sin c ethe Gr eek er a. Duringthe s ev e nte enth
and eighte enth ce nturies, the ide a w asthat thereis s o m ething ofa triple natur e. T. Yo ung(1 807)
sho w edthe vie wthatitisthe r etin a ofthehu m a n ey thatis respo n sibleforthistriple n atu re ofc olo r,
a nd J･ C･ M ax w el(1861)produ cedthe flrSt trichr o m atic c olorpictu re, a s anillu stration ofthetriple
n attlre Ofc olorvisio n･ T his w asthe attr actio n ofthe trichro m atic color reprodu ctio n and additiv e
c olo rpnn ciple･ The attractio n ofsubtra ctiv e c ol rprln Ciple w asfirstdescribedby du HatlrO ni
1862.
T ho ugh, c olor miⅩtureis abasis of c olorthe ory and has long history, there re m ain s o m e
ess entialpr oble m s which ha v e n otbeen s olv ed untiln o w･ Inthisthesis, u n solv edpr oble m s relatedto
c olor mixtu re(additv e c ol r mixtu re and m ainly subtra ctiv e c ol r miⅩture) are dis cu ssed. The
disc u ssio n s ar ein fo rm s ofthe ore m s andfo rm ulas･ Fo r e xplan atio n assistan c es ofthesedis c ussio ns,
n u m eric al illu stratio ns arepro vided･ Pra ctic alapplic atio ns u singthethe ore m s andfo r m ulasare also
in cluded.
1.1.1.O V E R V I R WOF C O L O R M IX T U R EFI E L D A N D U N S O I 淵 D P ROB L E M
As sho wnin Figu rel･l, m ajorfields ofc olor mixtu re aredivided into thre e: visu alsyste m;
c olorsyste m; and c olo r r eprodu ctio n m odel･ In the field of vis ual syste m, starting &o m the
trichro m acy prln Ciple, Gr ass m an n
'
sla w s andthe standardc olor m atchingfun ctio nsha v e established
additiv e c ol rmiⅩtu r e･ Bas ed o nthe standard colo r m atch ing fun ctio n s, standard c olor c o ordin ates
ha v ebe en established.
The field ofcolo rreprodu ctio nin cludestra n smissio n a nd rene ctio n rm odelings which are
physic al aspects ofc olor ed light m odi丘ed byitsinter actio n with m atedals･ Spectral des cdptio n s of
the refle ctan c e ort a nsmitta n c efactors m aybe c o n v ertdto tristim ulus v alu es ofstandard c olor
c o ordin ates･ In this field
,
color m odels s u ch aside alcolo r
,
the optim alc olo rthe o ry, s ubtr activ e col r
mixture m odels s u ch asLa mberトBeerLa w and Kubelka- M u nk m odelarein cluded.
In Figu rel･1, r ed rectanglesindic ate un solv ed proble m s･ Thes ein clude c olor m atching
fun ctio n andn o n-u n iqu e n es s andpredictio nin s ubtra ctiv e c ol rmixtu re.
Vi8 ual8y8te m Colo r syste m
Colo r r epr odI)ctio n
m odel
Nol1- LI n lque rL eSS
a Jld redictiorL
(SLlb tr且Ctive c olo rrTLixttJr e)
Figu r e1.I. Colo rmixt1汀e fields.
W batis n ots u所 cie ntin the e xistlng C Olo r mixturethe ory relatedto color r n atching functio n s
which is a basis of ad dit v e c olor mixtu re? Histo ric ally, c olo r m atchiTlg fun ctio n shave be e n
c o n stru cted bas ed oTl e XPe n m e ntalre s ults, and syste m atiz atiorlfro m a uJlified 也e o r eticalpo IElt Of
vie w ha s n ot bee n perfo rTn ed. The pro c es sw hich sho uld go thro ughis that starting fro m the
n e c es s ary c o nditio nfo r ad dit v e c oL r mixtu r e, a ge n eral ro m ula of c olo r m atching furlCtio n sis
c o JIStru Cted, a nd tJShg the ge n er al fo r m ula, chara cte ristic s orcolor m atchingfu n ctions are aJl alyz ed
T hela ck ofthe ge n eral fo r m tlla ha s not establishedsysler n atic m odeling ofc olo r m atching fun ctio n s.
An dthere re main ge n erally a c cepted hypothes e s which ha v ebee r)deriv ed e xpe rl m e ntalty. a Tld have
n otbe e npr o v e nthe o r etic ally.
C olor m atchirlg
Figu r eI･2 ･ Detail blo ckdiagra 皿 Orthepr oble m ofcolor m atchingfu n ctio n s･
Ne xt
,
r elated to s ubtra ctive c olo r mixtu reproble m s･ T he re e xist v ery few 'e s e ar che5 r elated
(o s ubtr a ctiv ec olo rmixtu r e･l【9 h r ef1 2), s tlbtr a ctiv eg am utsin the c olo r s olid ha v ebe endisc u ss ed. A
c o mprehezISiv e w ay ofsho wing the c o mplete ga m utisto sho w the r a nge ofchro m a tlCltie s att aln able
at v a n o u slu min a nc e s r elativ eto that ofa r efererlC e Whjte･ T hishasbe e ndo n eby ～. O hta who ha s
studied the effe cts ofthe siz e s and widths ofthe m ain abs orption ba nds ofthe dye s asw ellas tho s e
ofthe u n w a nted abs orptlO n S･ hl a n other re se a rch fieldre)atedto spe ctrals e n sitivitie sforide al c olo r
dyes a ndre aldye s, the rehavebe e n s o m e sttJdie s.･
-
SubtT a(:tiy e (:olo r
mixtu r t!
La Ⅱlhe rt- Bee rLa w
m deI
M &iTL absorptio nI)a nd and
tu w anted &bs o lio nI) and
m odel
Sut)tr a ctjve co)o r
mixt≠ r e a n tl(
Spe ctr&Ise l Sitivities
ofs ub(r acliv edヽ,e
Figu r e1･j･ Detailblo ckdiagra m ors ubtra ctiv ec olo r nlix ru r e m odel,
w hatis n ot s ufrlCie nt in tlle e Xisllng C O]o r mixtu rethe o ry r elated to s ubtr a ctiv e c ol r
mix ru T e
1
.
) Related tothe n o n- u n ]qtle n e5 S OftrLStirn ulus v alues 0fc olo rs obtain ed by s ubtra ctive c olor
mixtu r e, there e xist n o r es e ar ches u ntilrLO W. He re n o n- u n lqu eneSS 血 plie s that the r es ulta nt
tn slim ulu s v alu e s c an n otbepr edicted fro m c olr)PO n e nt tTistirn ulu s v alu esfo rmiⅩ1ng･ T he m a xim u m
bo u nd andthe minim um bo u nd. a ndthe c entr oid areim po rtantpara m ete rs Which char a ctedz ethe s et
in cludi71g n O n-tl n Lqu e r e sulta nt tn stim ulu s valu e s of a s ubtra ctive c olo r mixtu re. The la ck ofthe
pa ra m etersha s n ot e stablishedthepredictlO n Ofs ubtra ctiv e c ol r mixtu re, up u ltiln ow ･
Figur e1.4 e xplairlSthe blo ck diagraLm Ofthe u n s olv edpr obleTT u･ The n o b- u n iqu e n e ss a ndthe
predictio n ate Char actedz ed by the m axim u mbou nd and the minirn u mbo u nd, a nd the c entroid･
Subtra ctl Y e C Olo rmixtu re m odels at ebas e s ofthe m odelingfo rthe para m eters assho w nir)the gr ee n
r e ct皿 gle. a TLd 也e opti m alc olo rthe o ryin the gre erl r e cta ngle relatesto the m axim u mbo u nd aJldthe
m lnim u ∫nbo u nd.
In th is s e ctio n, the ov e rview of c olor mixtlu ehasbee ndis c u s sed, and un s olv ed pr oble m s
have be e n e xtra cted. Ea ch LLn SOIv edpr oble mis de s cri bedin thefollo w tng s ectio n s m o r ein detail･
No Tt- u JIiqu e Tt e SS
a nd r edictio l1
M&Ⅹim um bourLd a nd
JTIjT)im u mho u nd
Ce tltr Oid
I
J - ■
Optim al c olor Sub lractiv e colo r
the o r y mixttJ r e m Ode]
Figu r el･4･ D etail blo ck diagra m ofthe proble m of n o b-u n lqu e n eS S a nd pr edictio nin s ubtr a ctiv e
c olo rmixtu r e.
1.1.2.U N S O L V E D P R O B L E M S R E L A T E I) T O A D D I T I V E C O LOR M I X T IJ R E
As e xplain ed in Se ctio n1･1 .1,irlthisthesis,the o retic a)an alysts Ofc olo r m atchirlg fu n ctio n s
which isthe basis ofadditive c olo r mix m re re c eiv efo c u s.
1 0
A dditiv e c ol r mixtu reis based on the pn n ciples of trichr o macy, a s s u mm ariz ed as
Grass m an n's la w s a nd c olor m atchingfu n ctio ns･ T he trichr o m atic pn n ciple ass ur esthat a ny c olor
c anbe m atchedby c ertain a m o u nts ofthr eeprim aries, andtho se a m o u nts along with a definitio n of
the pn m ary setallow the specific atio n ofc olor･ The c olorm atchingfu n ctio n sindic ate the a m o u nts
ofthe prlm aries requir edto match a u nit a m o u nt ofpo w er at e ach w av el ngth･ Bv c onsidering a ny
glV e n Stim ulus spectralpo w er as nadditv e mixture ofv ario u s a mo unts ofm o n o chr o m atic stim uli,
o n e c an obtain the tristim ulu s v alu es for a stim ulusby m ultiplyingthe color m atchingfu n ctio ns by
the a m o u nt of en ergyin the stim ulus at e ach w a v el ngth(Gr assm an npropo rtio n al) a nd the n
integrating acro ssthe w av ele ngthr ange(Grass m a n n additiv e)･ T hlSthe equatio n sfor c alculatingthe
tristim ulu s v alu es of a stim ulus with spe ctral po w erdistributio n w ereglVe n･ Color m atching
fun ctio n sforindividu al obs e rv ers
･
allwith norm al c olor visio n, c a ndiffer signific antly du eto
v ariatio n sin le n stra n s mittan c e
,
m a c ula tra nsmitta n c e, a nd c o n ede nslty, etC･ ･ Ther efore, a n
e stablis lment of a sta nda rd s et of c olor m atching fu n ctio n s w as required in the history of
c olo rim etly.
CIE(Co mi ssio nInte rn atio n aledel
'Eclair age)decidedto establish a standard s et ofcolor
m atching fun ction sbased o nthe m e an re sults ofthe W right and Guildexperim e nts. Thes e m e an
fun ctio n s w eret an sfor m edto RGBpri m aries of 700n m , 546･1n m , a nd 435･8n m , r e spectiv ely･ ln
additio n
,
CIE decided to tr an sfo r m to an other s et of pri maries, _the X YZpn m aries･ T his
tr an sfor m atio n w asinte ndedto eli min atethe n egativ e v alu esin the c olor m atching fun ctio ns a ndto
for ce o n e ofthe c olor m atching fun ctio n sto equ al the CIE 1 924photopIClu min o us etTICien cy
fun ctio n V(A)･ The c olor m atchingfun ctio n sforthe m Z prim aries ar e c alledthe c olor m atching
fun ction s ofthe C IE1 931standard colorim etric obs er v er. A fterthe CIE1931sta ndard, v a rio u s
experim e ntalres ults estim ated c olor m atching
･fun ctio n s, a nd c o mpared withthe CIE 193Ista ndard.
On e of estim atio n m ethod developed by the pr ese nt a utho ris in cluded in Appendix･ T hes e
dis cu ssio n spr o vided gen erally a cc epted hypothes es which hav e n ot be enpro v enthe oretic ally･
Tho ugh, the ge n erally ac c epted hypothes eshav e m u ch co nfi de n c e with increaslng n u mber of
e xperim ents, itis difrlC ult to gatherbu rst n u mber ofe xperim e ntalresults which reduce statistic al
n oise s ufrlCiently･ In additio n, qu antizatio n n ois e alo ngthe w av ele ngthr ange re m ain s･
Forthe co nflr m atio ns of the generally ac c epted hypothes es, a ndflnd o ut ne w kno wledge
relatedto c olor m atchingfun ctio n s which is thebasis ofad ditv e c ol rmixtur e, the pr ocess which
sho uldgo thro ugh isthatstarting &o mthe n e cess ary co nditio nfor additiv e c ol rmixtu re, ageneral
for m ula ofc olor m atchingfun ctio n sis c on stru cted, a nd uslng the ge n eralfor m ula, characteristicsof
color m atchingfun ctio n s ar ean alyz ed･ ･
T he n ec ess ary c o nditon fo r additv e c ol r mixtur eis c o n v e xities ofchro m aticitydiagra m s･
T hereha v ebee n n odis cu ssio ns relatedto the c o nditio n･ Itc anbe e xplain ed &o mthe vie wpointOf
the minim u minfo rm atio n r edu ndancyfo r additiv e c ol rmixture･ lfthere exists a n o n-c o n v e xpartin
ll
a chr o m aticitydiagra m a s sho wrLin FigureI15 as an e x a mple,the spe ctralc olo rs o nthe n o n- c o nve x
parts c a nbe dehv ed fr o m addi-iv e c ol r mixtu re s ofthe spe ctr al c olor s o nthe c o nve xparts･ This
im pliesthat ther e e xists redn nda n cyin the w avele ngth ra nge of[3 8 0. 7 8 0](n m),in other wo rdsthere
is a w aveleTlgth that ther edo es riot n e ed to be. Fro mthe vie w point ofthe ratio n al info r m atio n
pr o c e sslng, the redu n血 n cy sho uld be minimiz ed, a nd the co n v e x lty be c o m e sthe rle C e SS ary
C o nditio n.
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Figu re 1.5. Ex a mple ofn o n-c o n v e xity.
Fo rdis c u ssio n s ofthe c o m m o n chara cte ristic s o v erthe s etirlCludlng allofpo s sible c o一o r
m atchirLg fun ctio n s s atisf
.
yLng th is c o n v e xity, a ge n er alfor m ulades cri biJ一g e a ch c a s eincluded in the
s etisindispe n s able･ T he reha v ebe e=ldis c u ssio n sfor e a ch c as e ofc olor matching 触 ICtio n swhich
ar e apn o rlglV e n, butther ehave n ot be e ndis c u ssio n sof the c o m JT]O n Cha Ta Cte rlStic s o v erthe s et
be c a u s e or 血ela ck or也 e ge n er alfbm ュula .
Un s olv ed proble m s or n ot the o retic al一y c o nfir m edproble m s which will be disc us s ed in th is
the sis relatedto c olo r m atching 氏In Ctions are:
1)Ge n e ral fo n 71 ulatio n ofcolor matching fuー1Ctio n sfo r Chr o m aticitydiagra m c o n v e xity,
2) Effe cts ofs m o otlmes sor n o n-s m o othn e ss of c olo r m atching fur) ctio n c u rv es to c on ve xity o r
n o n-c o nv e xity ofchT O m aticitydiagra m s,
1 2
3)Po sitio n alrelatio n sbetw e e n chro m aticitydl
'
agra rns a ndthe chro m atjc]1γ co O rdjn ate､
4)Effe cts ofs a mplingin ter v als ofc olo r m atchingrut)ctLOn S.
T he s edis c u ssior)spro vide lhe ore(ic a=⊃a ckgr o u nds fo rge n eraL[y a c c epted hypothe s es u ntiJr)o w. o r
pr o vide n ew kn o wledge r elatedto c olo r m atchjr]g fu n ctio n s,
T he ge n er al fotTr ”latio n c o nt t”te sto w ard a c o mprehe n siv e m odeling ofthe c o rnJllO n
char a cteristic s o ver the s et in cluding allof c olo r m atching ftln Ctio n s s alisfy1 ng add山 v e c ol r
Tn lXtur e.
I.1.3. U N S O L VE D P R O JI L EM SR E L A T E D T OSt) B T R A C T T VE C O L O R ”) X T U R E
A ditiv e c ol r mixtu re re stllts fr o mthe mixture of■Lc olo r ed light. while subtrac†】ve c oJo r
mi3'tu Te res ultsfro m s uperim po slng abs orptlO n m edia, s u ch a s c ol n ng m aterials o r c ol rfilters. Jtis
c o n sidered that u nderstaLlding the char a cteristic s of the stjm uhlS Valu e s of c o-o rs obtain ed by
s ubtr actiy e c ol r mixtu reis n ot e a sy, c o mpar ed with tho s e obtain ed by ad dit v ec olo r rnix lu re, sirlC e
(he relatio n shipbetw e en stlpen mpO S ed abs orptlO n m edla andthe stim ulu s v alu esis n otsimple･
Relatedto the n o r)- u n )qu e n es s oftn stirnulu s v alu es of c olo rs obtain edby s ubtr a ctive c olo r
mixtu re･ the re e xist n o re s e ar ches Lm tiln ow ･ T hefollo wing Figure l･6 sho w s signif;c a ntlydiffe re n t
re sul(s foridealc olors(definedjn Secdo n1･3■)obtain edby s ubtra ctiv e c ol rmixttlr e･ In Figu r e1･6.
thele允twb c olo rs ar e apn o rlglV e n andto be mix ed･ T he righttw o c ol rs ar epo s sible t w o c olo rs
obtainedby s ubtra ctiv e c ol rmixtu re･ T he re s ults ar ev e ry diLre rer)[丘o m o urintuitive est 皿 atio n.
A prio nglV e n c o一o rs po ssible r es ulta nt col. TS
■ ⊂]
■ ⊂]
JI JF
⊂】[コ
■ ⊂]
Subtr a cliv e
Colormixtu r e
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Ln th1Sthesis, o l the as su mptlO n Ofthe La mbert- Be erLaw fo r S ubtra ctive c olo r mixtllre,
the o r e m s and fo m lula s regarding the tristim ulus v alu es of c olo rs obtained by s ubtra ctive color
mixtu re arepr o v e n. As des cribed, in5 ubtr active c olo r miⅩture, the r es ultant tristim ulu s v alu es ar e
TI Ot urllqu ely dete min ed fro m co mpoJle nt tristim uJu s v alu e s. tlerlC e, a n alysts regardiJlg the
m a xim u m andthe milljm u mtn stim ulu s v alu es a re v e ry I mpo rta nt tO u ndersta ndthe po ssible rallge S
of res ulta nt tn stim ulu s v alu es of subtr a ctiv e c o)o r mixtu re･ h ad dit o nto thes epar a m eters, the
c e ntroidofthe po ssible raLnge Ofa s ubtra ctjv e c ol r rnixttLreisim po rta ntpa ratTleter. T he c entr oidof
a po ssible raJlge js impo rta nt and es s e ntial to the prediction of s ubtr a ctiv e c ol r miⅩtu re. a Jldis
help氏Llfor m aking a r e as o n able predictio n ofs ubtra ctive c olo rmixtu re,
T he tln S OIv ed proble m sdis c u ss ed inthis thesis relatedto s ubtra ctiv e c ol r mixtu re a re:
1)ForTn ulatio71 0fthe minim u m a ndthe m a xim tl mbo u lda rie s ofs ubtr a ctjve c olo r mixtu r e,
2)For m ulatio n of
-
the c e ntTOid ofs ubtr a ctjv e c oJ rmixtur e.
T his thesis pro vides the o re m s a nd fo m l ula s abo ut thes eiss u es, The disc u s sio n s slarts fro m
the o retic al m odel, a nd pro c e edto r e alistic m odeい rl Other w o rds, the ideal c olo r m odelto ge n e ral
14
c olorant m odelandrealistic colo rant m odelwhich aredefinedin Sectio nI.3.
The res ults c o ntd buteto warda c o mprehe nsiv e m odeling ofsubtra ctiv e c ol r mix山re.
1.2.C O M P O SI T IO N O F T H E T‡‡濫SIS
Su c ce eding to the ba ckgro u nd a nd the purpo s e ofthe study, n otatio ns and definition s ar e
pr o vided forthe preparatio ns. ln Chapter2, discu ssio n s related to additv e color mixture are
pr o vided, a ndin C hapter3,disc u ssio n s relatedto s ubtra ctiv e c ol rmiⅩture ar epr o vided, infor ms of
the orem s and fb m ulas･ Nu m erical illu stratio n s relatedto Chapters2 and 3ar epr o vided in C b叩ter4･
In Chapter5, s o m e applications u singthe res ults of C hapter3 are in cluded･ h C hapter6, ge n eral
c on clu sio ns which s u mm ariz ethe esse ntialres ults arepro vided･ ln Appendix, a r efere n cefr o mthis
Cb叩ter1 isin cluded.
1.3.N O T A TI O N A N D D E F‡N ⅠT‡O N
In this s ectio n
,
the c o mm o n n otatio ns a nddefinitio ns us edin the follo w ing Chaptersare
de丘n ed.
A: w avelength.
xl1),yl1),z
-(A)‥ c olor m atching fun ctio ns(her eafter c mf(c mfs forplur al)). W itho ut specific
de sign atio n(for e x a mple CIE 1931c olo r m atchingfun ction s),these s ymbolsimply
ge n er alc mfs.
X
.,
Y
o,
Z
o:just anillumin a nt X, Y, Z v alu es, r espe ctiv ely.
蜘
Ide alcolo r p(A):take only 0 o r1 v alu es(therestrictio n s ofthefo u rtypes ca nbe r e m o v ed).
Gen eralc olorant jX=(A):take v alu ein hl].
Re alistic c olor ant ps(A): take v alu e in [0, 1+ with a s m o oth c orrelation m odeling in the
w a v el ngthr ange.
Spe ctralreBe ctan c e ofobje ct po(A).
∑: The s u mm atio nis o v erthe visible spe ctru m with a w a v elength inte rval Al I
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2.T H EOR 丑M A N D F O R M U L A:A D D I T IV E C O L O R M I X T 町R E
2.1.I N T R O D tlC TI O N
h this chapter,the un s olv edproble m s relatedto additiv ec olor mixtu redescribed in C hapter
1 aredis cussed.
In paststudies, the relation shipbetw e e nglVen C mfs and c o n v exity ofchr o m aticitydiagra m s
w as established
10,llbut a gen eralfo r m ula of c mfs that satisfie sthis c o n v ex ity co n strainthas n ot
be enderiv ed. Fo rdiscu ssion s ofthe c o m m o n cllar aCteristics o v erthe s etin cluding allofpo ssible
c mfs s atis秒ing this con v e xity, a ge n eralfor m ula describing e a ch c as ein cluded in the s et is
indispen sable. T hereha v ebe en disc ussion sfor e ach c ase ofc mfwhich are apn o ngiv e n, but there
hav enot be en dis cu sions ofthe c oⅡ m o n char acteristics o v erthe setbec a us e ofthe la ck ofthe
ge n eralfor m ula. There exist c o mm o n chara cteristics which sho uld be disc u ssed, fo r e x a mple, the
relatio ns betw e enthe ge n er al shape ofc mfs andthe c o n v e xity, o rge n er ally a c cepted hypothes es
wbicb la V e notbe enpro v e nthe or etic ally.
In this chapter, w ederiv e agen er al fo r m ula ofc mfs thats atisfies c o n v exity ofchr o m aticlty
diagra m s
12-14
anduslngthe ge n er al for m ula, the o re m s ar ep o videdr elatedtothe shape ofc mfs, a nd
related to age n erally ac c epted hypothe sis which has n ot be e npro v enthe oretic ally･ Additio n al
the or e m s relatedtothe effectofs a mplinginte rv alsin the w a v elengthr ange arepro vided. Nu m eric al
illustr atio n s are sho wnin C hapter4.
The ge n er al fo rm ula c o ntri butes to w ard a c o mpr ehen siv e m odeling of the c o mm o n
chara cteristics o v erthe s etin cluding allofc mfs s atisfying additiv e c ol rmiⅩtur e･ Figu re2･1 sho w s
the o v er vie w ofthe stru ctur e ofthe the or e m s a ndfo rm ulasin cluded in this chapter, where arro w s
in dicate interr elatio n shipsbetw ee nthe ore m s.
Ge n e ra[
Fo r m ula
2.1
2.2
2
.3
2.4
Figu re2.1 Interr elatio n shipsbetw e e nthe ore m s and fo rm ulasin C hapter2.
2.2.S T R A T E G Y F O R D E R 1 Ⅵ N G T H E G E N E R A L F O M tTL A O F C O L O R M A T C H I N G
FtJN C T I O N S
A thre e-dim e n sio n al c olor v e cto rhaspar a m ete rs of a length and tw odirection s･ The tw o
dire ctio n s ar e n apped o nthe 野 -Pla n e. Witho utr estriction ofthelength ofthe thre e-dim e n sio n al
v ecto rderiv edby additiv e oper atio n s ofthre e-dim en sio n alv ecto rs, the disc ussion ofthe c o n v ex ity
16
exists o nly o nthe り′
-
Plan e･ He n c e,inthis thesis, o nlytw odim e nsio n al dis cu ssio n s ofchr o m aticlty
diagr a m c on v e xlty areperfわr med.
A m athe m atic alequ atio ndes cri bingc o n v e xitydepending o n xlx), yll), 言(1)is m odeled.
In the des criptlO n Ofthe co n v e xityge o m etry, difFere ntials arein cludedin a equ atio ndescribingthe
c o n v exity, a nd bys olvingthediffer entialequ atio n, a general for m ulaisderiv ed.
Fo r the m odeling of the equ atio n, when changes in the tangential dir ectio n in a
tw o-dim en sio n alc o o rdin ate syste m are c o nsidered,the equ atio nsbe c o m e c o mplic ated･ Acc ordingly,
this pr oble m has n ot bee n explicitly s olv ed an alytically. Whe n equ ations arefbm ulatedfわr this
proble m with differentialequ atio n sin atw o-dim e n sion alc o ordin ate syste m,itis difficultto s olv e
the differ ential equ atio n s;therefore, the proble m is des cri bed asbeing for m ulated by equ iv alent
differe ntialequ atio n sin a o n e-dim e nsio n alco ordin ate syste m. To re aliz ethis,the xy c o ordin ateis
rotated, a nd onlythe o n e-dim en sio n al first-o rder and s e cond-orderdiffer ential equ ation sin the y
dire ctio n ar e c o n sider edfわr alo cal m axim u mpolntin the Jノ dire ction. Rotatio nis perf♭m ed
aro undthe origin(0,0), a nd is perfor m ed withrespect to the s a mplingpoints o nthe w avelength A,
s othat thetange ntiallin e at the w av elengthsbe co m eho riz o ntal bythatrotatio n ofa mo unt v(A).
Rotatio n lSPerfo rm ed in the clo ckwis edire ction.
The u sage ofspe cialc o o rdin ate syste m sthat cha nge alo ng a cu rv e e mployed is astandard
to ol in differentialge o m eQ ･
1 5
Bas edo nthe standardto ol m ethod
,
the c o n v e xityisin v estigated as a
fun ctio n of x
-
(1), y
-
(1), 言(i) differ entiated ar o und a sa mpled A with dl deviatio nin the
fix ed c o ordinate syste m ofthe rotatio n a ngle v(A) asdescribed in the n exts ectio n. An importa nt
part of differe ntial ge o m etry de als with the pr oble m of chara cterizing Pr opertie s ofge o m etric al
obje cts that areindependent ofthe c o o rdin ate s cale u sedto describe the m. Co n v e xityis s u ch a
pr operty･
Figures2.2(a)a nd(b)sho w apr o c essin which v hasthe min us v alu e(a), a nd ” hasthe
plu s v alu e(b)I On xy a xis c oin ciden cev = 0.
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Figu re2･2(a)Illu stratio nfo rthe rotatio npro c ess.
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Figure2･2(b)Illu str atio nforthe rotatio npro c ess.
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2.3.D IF F E R E N T IA L EQ町A T‡O N A N D F O RM 町L A
x
-
(A), y
-
(A) a nd 言(1) ar e assu m edtobe c mfs. Fo r simplicity, w e a s s u m ethat the
follo w ing equ atio nholds.
u(A)= x11)＋y
-
(A)＋言(1). (2.1)
T he c o ordin ate v alu e s(x
*
,y
*
)to re aliz ethelo c alm axim u mpointofthe chro m aticitydiagr a mby
rotation ar e obtain ed as
X
〟
-[:/r2.]
言(1)
u(1)
y
-
(A)
u(A)
′拝(A)＋ rly
-
(A)
u(1)
r3万(A)＋ r4y
-
(A)
u(A)
[芸r,2.]-
wher e
c osy(1c) - sing(1c)
sing(1c) co sv(Ac)
: r otatio n m at血
,
(2.2)
v(1c): the rotatio n alangle at which atange ntial lin e ats a mplingpoints onthe
w a v el ngthr ange A be co m eshoriz o ntal, wherelc takes c o n stant
v alu es on s ampling points,
w ithrespectto y
*
in Eq. (2.2), let u s c o n sider c o ndito n s under which the flrSt- O rderdiffere ntial
be c o m es0 and 叩 W ard co n v e xltyis a cbiev ed･
辿
For simplicityin Eq.(2.2), as s um eA
v(A)= r3f(A)＋r4y
-
(A).
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(2.3)
T hen,thefolo w ingequ atio nholds.
dy
*
v
′(A)u(1ト v(A)u
′
(A)
■-- - -
-
■- - - - - - ■■■- - ■■■■■■■■■ ■■■■■■■■■■■■ ●■■ -
dA u2(A)
= 0.
Dueto the condit o nthat the n u m erator ofEq.(2.4)- 0,the follo wing equ atio nshold.
v
′(i)u(A)= v(A)u
′(A),
v
'(A) u′(A)
;(i)
- -
i;(A)
●
(2.4)
(2.5)
(2.6)
Eq.(2.6)is the first-o rderdiffer ential equ atio n, a nd is s olv ed related to u(A) and. v(A). By
integr atingbo也 side s of Eq･(2･6),thefわllo wing Eq.(2.7)is deriv ed.
log(v(1) = log(u(A) ＋ Kl,
a ndthe 五n alsolutio nisderived asfわlo w s:
e
K
l = エ迎 ,o
,
u(A)
K l: htegralc o n stant(arbitr ary c on stant).
where
Sin c eO< u(i),
0< v(A)= r3君(A)＋ r4y
-
(A),
holds.
⊆旦旦 蜘 9塾望由吐血王鎚垣盛
Tbefわlo wing c o nditio nto re aliz e upper c o n v e xityis pr o vided･
藷 -‡(v′(1,”(i,-1V(A,u,(A,)
'
u
2
(Aト2(v,(A,u(A,- v(1,u,(A,)u(A,u
′
(A,)/u4(A,
≦0.
(2.7)
(2.8)
(2.9)
(2.10)
Be c au s e ofEq. (2.5), the s ec o nd te 皿 Ofthe n u m eratorin Eq･(2.1 0)is 0. The 丘rst te m ofthe
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n 皿 eratO rin Eq･(2･10)ca nbe equ atedasfわllows:
(v′(1)u(A)- v(A)u,(A)
′
u
2(A)-(v”(A)u(スト v(A)u”(1)u2(A).
T hefわllo wing equ atio nholdsin Eq･(2･11)du etothe c o ndito n of Eq.(2.10).
(2.ll)
0≧(v”(A)u(A)- v(1)ud(A) ･ (2.12)
h orderto desc ribe Eq･(2･12)in a n equ alequ atio n, the n egativ e co nditio n of Eq.(2.12)w as
m adeinto Eq･(2･13)in cludingthepar a m eterfunctio n of K2(A)(≦0) depe nding o n 1 .
v
d
(A)u(A)- v(A)u
”
(A)= K2(1)･ (2.13)
Gen e ral for m tlla rega rding 君(1)
Equ atio n(2.13)is e xpre ssed as follo w s with r egard to 万(A),y1Å),言(1) fo r which
a仕entio n arepaidin thefbllow lng.
(r3y
-
(A)･ r3f(A)- r.y
-
(A) ア(i)-(r3y
- ”
(A)･ r3ア(A)- r4ア(1)x
-
(A)
- K2(A)-(r4yll)言(A)- r.y
-
(A)F(1) - S(A),
s(A)- K2(スト(r.y
- 〟
(A)言(A)1 夕(A)㍗(A) I
where
To simplifythis equ atio n, a s s umingthat
Q(1)= r3戸(A)＋ r3言(A)- r4y
-
(1),
Eq･(2･14)ca nbe expr ess ed as
(2.14)
(2.15)
(2.1 6)
Q(A)T(1)- Q
u
(A)言(A)= S(1), (2.17)
which isthe s ec o nd-o rderdiffer entialequ atio n r elatedto 言(A) tobe s olv ed. The equ ality co nditio n
of Eq･(2･17)is deriv ed 舟o m the tr an sfo rm atio nin which Eq.(2.12) w as m ade into Eq.(2.13)
in cludingthepar a m eterfun ction of K2(A)(≦0)･
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As de scribed in Supple m e nt S･2, the s olutio n ofthe differe ntial equ atio nis deriv ed uslng
d
'
Ale mbert's fo r m ula16(supple m e nt S.1). The s olutio n ofthe differe ntial equ ation of Eq.(2.17)
deriv edin Supple m entS.2 is asfollo w s:
君(A)- x
-
s
(A)(1＋hx(1) ,
x
-
s(A)= Q(A)- r3ylA)＋ r3言(A)- r.y
-
(1)(≠0),
h
x
'l)- K3J言おl･I育‡が(l'dAd l･ K4 I
s(A)= K2(A)-(r.y
- ”
(A)言(A)- r.y
-
(Ja)f
”
(1) ,
K2(A)(≦0):par a m eterdefin ed in Eq･(2･13),
K 3
,
K 4: Integralco nsta nt(arbitr ary c o n sta nt).
wher e
Ge n er al fo r m tlla r ega rding yll)
T he solutio nisderiv edin the s a m e w ayas xll)folo w s.
yll)- y
-
s
(A)(1＋h,(A) ,
y
-
s(1)= Q(1)= r.x
-
(i)＋ r.言(1)- r3X
-
(A)(≠0),
h
y'l'- K3[育おl･Jhts'1'dld l･K4 ,
wher e
(2.18)
(2.1 9)
(2.20)
(2.2 1)
(2.22)
(2.23)
(2.2 4)
s(A)- K2(A)＋(r3f(A)㍗(A)-3ア(A)芝(i) , (2･25)
K2(1)(≦0), K1, K4: Identical definitio n in the s e ctio n of 万(A)(indepe ndent fro m
K3,K4 V alu e sfor x
-
(A)).
T he ge n eral s olutio n s of 万(1) and y
-
(1) are c o n strain ed by the c o ndito n of Eq.(2.9)
otherthan K2(1)= O c as es.
G en e ral fo r m ula r eg arding 言(1)
言(A)- f
s
(A)(1･hz(1) ,
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(2.26)
where
f
s(A)= Q (A)= - r3言(A)1 y11)(≠0),
h
z'l'- K3∫劫 l･l誌∫s(A)d l dl･ K4 ,
(2.2 7)
(2.2 8)
s(A)- K2(A)I(r4XI A)y
-
(A)十 申(A)y
- ”
(A)-,T(A)y
-
(A)- r.y
- ”
(A)万(A) , (2.29)
K2(A)(≦0), K3, K. : Identical definitio n in the se ction of 言(A)(in depe nde nt 丘o m
K3,K4 V alu esfo r 君(A) and y
-
(A)).
2.4.T H E O R E M B A S E D O N T H E G E N E R A L FORM tJL A
Ass um ethat the o ngln al c mfs are s a mpled c mfs with alm ostinfinitely s m all inte rv als of
flnite v alu es･ T his e n su resfinite up perbo u nd for]ア(A)[,ly
I X
(A)I,lア(A)Iev e nif訂(A), y
- I
(A),
F(A) ha v edis c o ntin u o u spoints.
In ge n eral, it hasbe en re cognized that c mfs arebasic ally s m o oth･ An dthere hasbee n a
gen erally ac cepted hypothesis u ntiln o w･ Usingthe gen er al fo rm ula derived in theprevio us se ctio n,
an alys es related to the shape ofc mfs a ndrelatedto the hypothesis areperfor m edin Theore m s2.1
and 2･2, which w o uldbeimpossible witho ut the generalfor m ula, a ndrelatedan alyses arep rfo rmed
in The ore m s2.3 and2.4.
[Ass11 mptio n】
T hebo undaryc u rv e ofa chro m atic diagr amis ass u m edtobethird1 0 rderfun ction.
[De丘nitio n]
Sm o othfun ctio nisthat thefirsto rderdiffer entialis c o ntin u o us.
T hefbllo w mgchar acteristics aregen er allykn o w nin m athe m atics.
[Charactedstic2.1]
Operation sbetw e en co ntin u o usfun ctio n s r esultin a c o nti u o usfunctio n･ Where oper atio ns
imply ad dit on,s ubtra ctio n, m ultiplic atio n and divisio n･ An ex c eptio nisthatoper atio nisthe divisio n,
andthedeno min atorhas a z ero.
[C har acteristic2.2]
Oper atio n sbetw ee n s m o oth functio n s resultin a s m o oth fun ctio n･ Operatio n sbetw e ena
n o n-s m o othfun ctio n f (A) and a s mooth functio n g(1) res ultin a n o n-s m o oth fun ctio n. Where
2 3
operatio n simply addit o n, s ubtra ctio n, m ultiplic atio n anddivisio n. Ex c eption s ar e ainfinite n ess, a
z e r odivision or a z ero m ultiplic atio n asfわllo ws:
･ Firstorderdiffere ntialis n otfinite.
･ Operationisthe division, a ndthede n o min atorhas a z ero.
● Operationisthe m ultiplic atio n o rthedivisio n, a nd g(A)= g(A - d A)≡ g(1＋ d A)= 0 .
[C hara cteristic 2.3]
An integr alofa c o ntin u o usfun ctio n res ultin a sm o oth fun ctio n.
[C hara cteristic 2.4】
An integr alofa n o n- contin u o u sfun ctio n f(A) re sultin a c o nti u o u sfu n ctio n, wher ethe
upperbo und of f(A) is n otinflnite(∃U ,lf(A)[< U)･
[The o re m2.1】
Fo rthe ongln al c mfs s atisfying co n v e xity oftheir chrom aticitydiagra m, ifthereis atleast
o n e n o n-s m o oth fun ctio nin 万(A), y
-
(A), 言(A), the rest of the fu n ctio n s sho uld als o be
n o n-s m o oth fun ctio n s
,
withflrSt O rderderiv ativ edis c o ntin uitiesoc c u m ng at the s a m e w av ele ngths
(Ca seI)I The other c as e s atifying c o n v e xity w o uld ha v e allc mfsbe s m o oth fun ctio n s(Cas eⅠI).
T he the or e mis n ot applied to the exceptio n al ca ses of 訂(A)= O and 宅(A)= 0, o r ,
y
- I
(A)= O and y
-
;(A)= 0, o r, 7(A)= O and 亨;(1)= 0 .
Pro of
Cas eI(allR o n-s m o oth fun ctio n s at the s a m e w a v ele ngth)
It is sho wn that(1･hx(A) in Eq･(2･18),(1･hy(1) in Eq･(2･2 2) a nd(1･hz(A) in
Eq･(2.26)are s m o oth fun ctio n s u singthe chara cteristics.
In Eq.(2.2 0),
f
s
2(A)
in the flrSt te rm is a co nti u o u sfun ctio n 丘o m Chara cteristic 2.1
,
be c au sey
-
(A), 言(A), r3 , r4 a r e C O nti u o us fun ctions. JS(A)d l in the s ec o nd ter m is a
c o ntin uou sfunctio nev enif S(A) is a n o n- c o ntint10 u Sfun ction丘･o m C hara cteristic 2.4
,
a nd
l
the m ultiplic ation betw e en
育預
a nd JS(1)dl als o res ults in a c o nti u o u sfun ctio n fro m
l
c hara cteristic 2･1･ In the c alc ulatio n of Eq･(2･20), the integr al calc ulatio nsfor 官房
a nd
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君blS(A'd l - ake hx(A)a s - o oth fun ctio nfro- C hara cteristic 2･3･ h Eq･(2･1 8),(1･hx(1))
is als o a s m o oth fun ctio n fro m C haracteristic 2･2･ In the s am e w ay,(l･h,(A) in Eqs･(2･22)and
(1＋hz(A))in Eq.(2.2 6)are also s m o oth fun ction s.
Ne xt
,
itis sho wnthatifo n eofc mf is a n o n-s m o oth fu n ction, the rest oftw o c mfs are also
n o n-s m o oth fun ctio n sfor e ach c as eofthe co mbin atio n of bo u ndary co ndito n s u sing the abo ve
r esults a ndthe chara ctedstic s.
r4 ”3 *0, r3 *O a nd r4 * O are assu m ed･ T he c o nsiten cy ofthe the orem for other c as es
ISpr o v enin Supple m entS.4.
Ifthere exist m orethan o n e n o n-s m o oth fun ctio nsin ea ch lin ear co mbinatio n of
Eqs･(2･19)(2･23) a nd (2･27), the res ultant fun ctio n is a n on-s m o oth fun ctio n, otherthan the
e x c eptio n al cas es(refer e n ce C ha1
'
a cteristic 2･2 and Supple m ent S.4). In Eq.(2.22),
y
-
s(A)= r.xll)＋ r.言(1)- r3X11) be com es a n o n-s m o oth fu n ctio n fr o m the ass u mptio n a nd
C hara cteristic 2･2
,
a nd the m ultiplic atio n betw e eny
-
s(A)a nd(1十h,(A)(Eq･(2.2 2))be co m es a
n o n-s m o oth fun ctio n &o m Char acteristic 2
･2･ In the s a m e w ay, Eq.(2.26)be co m e s a n o n-s m o oth
fun ctio n･ Here, itis pr o v e nthat if x
-
(i)is a no n-s m o oth fun ctio n, y
-
(A)a nd 言(A)sho uldbe
n o n-s m o oth 血n ctio n s.
In the c ase ofthat y
-
(A)is n o n-s m o oth, o r zll)is n o n-s m o oth, the sa m epr o ofs c a nbe
prol′ided.
CaseII(alls m o othfun ctio n s)
Bas ed o nEqs.(2.1 8),(2.22),(2.26),the other cas ethatallofc mfs are s m o oth fun ction s c anbe
pro v en e asily&o mC har a cteristics2･1thr o ugh2･4･
The co ntentof T he or e m2･2 hasbee nagen erally ac c epted hypothesis
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up untiln o w･
[Theo re m2.2]
Underthe ass umptio nthatc mfs do n ot take n egativ e v alu es,the orthogo n al dire ctio ndistan ce
betw ee nthe y- a xis a nd a chr o m aticitydiagra m ca n notbe c o mpletely zerothe oretic ally u nderthe
ass u mptio n of cbro m aticity diagr a m c o n v e xity･ It is theoretic ally possible that the distan c e
appro a chesto z eroinflnitely･
Pr oof
T he orthogo n al dire ctio n r elativ et.o the y
- a xis is co n sider ed
,
a nd ” = -7T/ 2. In Eq.(2.27),
the s e c ond term equ als O･0 , a nd the first ter m sho uld n ot equ al O･0 , in other words
x
-
(A - v
‾1
(一 方/2) sho uldn otbe O･0, be c au s e of fs(A)≠0 (for n o n- z e r odivisio nin Eq.(2.2 8)).
2 5
This impliesthat the den omin ato r ofthe xI C O O rdin ate(君(A) c a n n ot take O･O v alu e･ Hen c e,
x - coo rdin ate ofthepointc an n otc o mpletely coin cide with 0.0 in the xy chro m aticity c o o rdin ate.
Itisthe oretic ally pos siblethat thedista n ce appr o achesto z er oin finitely with 毛(A)≠0 condition .
The co mpletely z ero c oin ciden c e ofthe distan ce c a u ses n o n- c o n v e xparts tho ughtinfinitely
s m allbec a us e ofn ots atisfying fs(A)≠0 c o nditio nfor c o n v exity.
[The o rem 2.3]
Ifc mfs arederiv ed&o m aqu a ntiz atio n ofthe o rlg n alc mfsfor c o n v exity, the qu antiz ed c mfs
glV ethe co n v e x chro m aticitydiagra m witho utdepending o nqu antiz atio ninte rv alsinthe w a v elength
r ange･
A Is o The ore m2.2 is c o n siste nt fo rthe qu antized c mfs. The qu antiz atio n c anbe either
u nifo r m s a mpling o r n o n-u nifor m s a mpling a cro ssthe w av elengthra nge .
Pro of
Sa mpling po lntS On the o ngin al c mfs for aqu antiz atio n arelo c ated o nthe bo u ndary ofthe
chro m aticity diagram corr espo nding to the o ngln al c mfs. Co n sta nts parts gen erated by a
quantizationin the w avele ngth range re m ain onthe chr o m aticity c o o rdin ate ofs ampling polntS, a nd
tr an sitio n sbetw e en adjac ents ampling points gen eratelin e segm ents c o mbiningthe sa mpling points.
The regio ndefin ed bybr okenlines who se v ertic es are o nthe orlg n al c o n v e xbou ndarie s s atisfy
con v exity wbicbiskeptalsoin The orem 2.2.
Tbe 血eore m lSproven.
[Theo re m2.4]
Ther e e xists atle aston e s ampling m ethodon the w avelengthrange ofthe orlgln alc olo r c mfs
who s e c orresponding chr om aticity diagra m satisfies co n v exity, tho ugh the orlglnal c mfs do n ot
satisfyc o nvexity.
Pro of
As pro v enin The o re m2.3, the sampling points ar e o nthe bo undary of the orlg n al
cbro m aticitydiagraln･ Hen c e, 也er e exists alin esegm e nt whose tw oendpoints are on thebo u ndary
ofthe origin al chro m aticitydiagra m, a ndthe e xisting n o n-co n v e xpart on the original chro m aticity
diagr amistr un c ated bythe qu antiz edchr o m aticitydiagra m. The elimin atio n ofthe n on -conv ex part
gen er ates a c o n v e x chro m aticity reg10 n, in other words, the c aus eofthe non-c o n v e xity w o uldbe
eli min ated&o mthe c mfs.
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T he ore m2･4 als o sho w sthatbe c a us e ofthe eli min atio n ofthe non -co n v e xpartsby s a mpling
operatio n s,there e xistco n v ex chro m aticitydiagra m s withthe zer odista n c ein The o re m2.2.
2.5.C O N C L U SI O N
In this chapter, a ge n eral fo rm ula ofc mfs which satisfythe c on v exity ofthe chro m aticity
diagr a m w as deriv ed･ T he fo rm ula is a n orlgln al res ult, a nd applied to shape stru cture a n alysis
r elatedto cmfs･ Fro mTheore m s2･1,2･3 and 2･4,thefollowlngIte m s are c o n cluded.
Fo rthe orlg n al c mfs, T he orem 2･l indic atesthat there are tw o c as esforthe ass u mptio n of
c o n v e xity ofa chro m aticitydiagra m :first, allc mfs ar e s m o oth fu n ctio ns, o r, s e c o nd, allc olor c mfs
are n o n-s m o oth fun ctio n s･ T his is n e wknowledge r elatedto c mfs I These ar e n e cess ary c o nditio ns
and n ot sufficie nt co nditio n s for c on v e xlty. The suffic e nt c o nditio ns are s atisfied by
Eqs･(2･18)(2･22) and(2･2 6)･ Itisimportant to n otice thats m o oth c mfs do n otn ec essarily gen er ate a
c o n v e x cbro m aticitydiagr a m･ T his will be sho w nin C b叩ter4･
The ore m2･3 indic atesthatifthe o rlg n al c mfs s atisfy c o n v e x lty, a ny S a mpling a cr ossthe
w av el ngth range willn ot ch ange the c o n ve xlty･ To distinguishbetw e en n o n-s m o otlmes s ofthe
o ngln alc mfs andn o n-s m o othn ess ofs a mpledc mfsis als oimpo rtant･
Bas ed o nTheo re m2･4, if there e xist n o n-c o n v e xparts o nthe bo undary ofthe chr o m aticity
diagra m of c mfs, ther e exist s a mpling m ethods which gen er ate c o n v e xqu antiz ed chro m aticity
diagra m s.
Fro mT he ore m s2･3 and2･4
,
itis su mm ariz edthat there e xist thepossibilites ofco n v ersio ns
B･o m n o n-c o n v e xto c o n v e x, a nd there are n ot po ssibilites of co n v ersio n sfro m co n v exto
n o n- c o n v e x r elatedto the s a mpling oper atio n s.
Fro m T he ore m2
･2, witho ut the sa mpling effe ct, the ge nerally ac c epted hypothesis w as
e xplain ed theo retic ally･ From the pro of of The or e m2･3, r elated to sa mpling oper atio n s o n c mfs
glVlng c on v exity chro m aticitydiagr a m s, the n o n-z e r odistan c ein T heore m2･2is pre se rv ed. Fro m
T he ore m214
,
r elated to the s a mpling operatio ns, there e xist the po ssibilties ofc o n v ersio n s&o m
non - c o n v e xto c on v e x withthe c o mpletely zero c oin cide n c e ofthe distan c ein T he or em 2.2.
W itho ut the gen eral fo rm ula, it w o uld beimpossible to deriv ethe n e wkno wledge and to
c o nfirm the ge n erally kno wnhypothesis up untiln o w･ It wi ll be a stro ngto ol for v ariou sproblem s
relatedto c mfs .
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s l: D,A L E M B E R T,S F O R M tJL A
16
D'A le mbe rt'sfor m ulais a s olution m ethodfor n o n-lin e arho m ogen o u sdiHer entialequ atio n s
ofthefollowingfo rm r elatedto y(x).
y
H
＋ p(x)y
'
＋Q(x)y = R(x). (S.1)
First
,
apartic ular s olutio nfo rEq.(S.1)is obtain ed. T hepartic ular solutio nis a solutio n ofthe
follo w ing equ atio n.
y
”
＋p(x)y
'
＋Q(x)y = 0 . (S.2)
Ass u m ethat yl(x) is deriv ed a s on e ofpartic ular s olutio n of Eq.(S･2)･ Thefollowing equ atio nthat
arebas ed o nthepartic ular s olutio n ar edesign atedtobethe s olutio n ofthe differe ntialequ atio n.
y(x)- w(x)yl(x). (S.3)
Thefirst-o rderdifferential andthe se c ond- o rderdifferentialofEq.(S.3)ar e asfollo w s:
y
'
= Ⅵツ1
'
十 w
'
yl, (S.4)
y
u
= 叩 1
”
＋ 2w
'
yl
'
十 w
”
yl . (S･5)
So yl is a s olutio n ofEq･(S･2)that thefollo wingr elatio nisderiv ed,
y
”
＋py
'
＋Qy = ylW
”
＋(2yl
'
＋Pylレ
′
,
a nd&o mEq.(S.1)and Eq.(S.6), thefollo wingrelatio nis deriv ed･
(S.6)
ylW
”
＋(2yl' ＋ Pyl)w' = R . (S.7)
This equ ation is a n ordinary differe ntialequ ation of first Ordered relatedto w
'
,
and bys olvingthis
equatio nto derive w
'
,
a nd w isderiv edbytheintegr aloperatio n o n w
'
.
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S 2: S O L 町TI O N O F T H E D IF F E R E N
r
m A I+ EQtTA T IO N U SI N G D'A L E M B E R T'S
F O R M 町LA
First
,
a particular solutio nfo rEq･(2･17)is obtain ed. The particular s olutio nis a s olutio n of
thefbllo w lngequ atio n.
Q(A)㍗(A)- Q
d
(A)言(A)= 0 .
Theparticular s olutio n x
-
s(1) c anbe e asilyobtain ed inthefollo wingfo rm.
x
-
s
(1)= Q(A)= r,yll)＋ r3言(A)- r.y
-
(1)(≠0)･
(S.8)
(S.9)
The n o n-z e r o r equire m entof Eq･(S･9)isthe c o nditon fo rtheintegr aloperatio nsfollo wing.
Next
,
a gen eral s olutio nis obtain ed u slng d
'A le mbert
'
s fo r m ula
,
in which thefollow ing
equ atio n(Eq･(S･10))thatis based o ntheparticulars olutio nis design atedtobe the s olutio n ofthe
differ entialequ atio n.
H(A)= h
x
(1塙(A),
Eq･(S･11)follo w sfro mEq.(S.1 0):
H
”
(A)= h
x
d
(1)f
s
(A)＋2h三(1)宅(A)＋hx(A)宥(A).
Bysubstituting H(A) and H
n
(A)into Eq.(2.17),the follo wing equ atio nis deriv ed.
f
s
(1)(hxx(A)x
-
s
(A)･2h;(1)xT:(A)･hx(A)郡1) - x7(A)hx(A)Fs.(A)- S(A)･
Byre arr angigEq.(S.12),
h
x
N
'l,･2紗;(A,- s(A)is2(A)
(S.10)
(S.ll)
(S.12)
(S.13)
If w e ass u m ethat h;(A)= hl(A) in.Eq.(S.13), Eq.(S.1 3) bec o m es afirst
- o rder diHere ntial
equ atio nwithrespe ct to hl(A), asfollo w s:
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hl
,
(1,･2Shl(i,- s(A)宥(A) (S.14)
This first- O rderdifferential equ atio n with respe ct to hl(A) c an be s olv ed bas ed o n age n eral
m ethod;first, w e obtain s olutio n sforthefollo w lnglin e arho m oge n o usdi
･jfer entialequ atio n･
hl
,
(1,十2誰hl(A,- 0.
A s olu･tionf♭r Eq.(S.15)c anbe obtain ed as
hl(1,- exp〔-l2%dl)-読
(S.15)
(S.1 6)
Solutio n sfo r n o n-lin earho m ogen o usdiffere ntial equ atio ns c anbe obtain ed u slng d
'
A le mbert
'
s
fo rm ula as
hl'l'- K3君訂 君‡が(l'd l･
1
Theintegrationforboth sides of Eq.(S.I 7)yieldsthefollo wing equ atio n.
h
x
'l'- K3†君おl･Jお s'l'd l dl･ K4 ,
(S.17)
(S.18)
where
K 3
,
K 4: Integralc o n stant.
T he s um ofthe gen eralsolutio n H(i)= hx(1)x
-
s(A) andthepartic ular s olutio n of Eq.(S.9)is the
s olutio n x
-
(1) fo rthe differ entialequ ation(2.17).
x
-
(A)= fs(A)(1＋hx(A) ･ (S.1 9)
Thisis agen er alfun ctio nfo rm of 万(A).
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S.3:I N V E R S E O F T ‡‡E S OLU T IO N
T hetr aclng Oftheinv ersepro ce ss c o nfir m sthe s olutio n s up ple m entary･
The e xplicitr epres entatio n of xll)isthe follo wing.
i(A)- xT,.(1)(1･hx(A) ,
andthe s e co nd-o rderdiffere ntialof 宕(A)is asfollo w s:
(S.20)
x
- ”
(A)- i:(A)(1.hx(A)･2引見)h;(A)･ xT:i･(A)hx
d
(A)･ (S.21)
By applying Eqs･(S･20)(S･21) a nd the deflnitio n of Q(A)= xTy(A)to Eq.(2.17), the following
equ atio nis deriv ed.
引見)拷(A)(1･hx(A)＋2<(A)h,
I
:(A)＋fsl(A)hx
”
(A)卜xT:(A)x
-
s(1)(1･hx(1) - S(A)I(S･22)
Eq.(S.22)is simpli丘edasfわllo w s:
h
x
d
(A)･2Hh;(A)-器
Fr o mEq･(2･2 0),thefわllo wing equ ations ar ederiv ed.
l
hM )- K3君打 品∫s(AP ,
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(S.23)
(S.24)
h
x
N
( -3(Jh‡- 2 赫 (叶∫s( ”･洛
a ndappliedto theleftside of Eq.(S.23)asfわllo w s:
h
x
d
(”.2認 榊)
- K3(- 瑞)- 2 赫 (A,･∫S( ”･器
十2n(K3h ･# s(仰〉
S(1)
lll ll lll ll1 一 ■ ■l■■l ll lll lll lll ll lll lll lll lll ll lll lll lll ll lll lll lll lll ll lll ▲ll
宥(i)
(S.25)
(S.26)
T he resultof Eq.(S.26)equ alsto the rightside of Eq.(S.23), a nditis sho wnthat the s olutio n s atisfies
the origin al differe ntequ atio n(Eq.(2.17)).
S 4: C O N SIS T E N C Y O F T‡I E O R E M 2･1 0 N T H E B O tTN D A R yCO N D I TI O N S O Fr4 - r1 ≡ 0,
r3
= O A N Dr4 = O
c as eI.1: 言(A) is a n o n-s m o othfun ctio n.
c a s eI･l･1: r4
-
r3
= 0, r3 ≠0, r4 ≠ 0･
Fr o mEq.(2.27), fs(A) bec o m es n on-sm o oth fun ctio nbe ca use ofthefirst te rm, a nd 言(A)
also n o n-s m o oth fun ctio nin Eq･(2･26)fr o mC har acteristic 2.2. Fro m Eq.(2.23), y
-
s(1) be c o m es
n o n-s m o othfun ctio nbe c au se ofthe se c o ndte rm
,
a nd y
-
(1) also non -sm o oth fu n ctio nin Eq.(2.2 2)
&o mC har a cteristic 2.2.
c a s eI･1･2: r4
- r3 *0, r3 = 0, r4 *0.
Fro m Eq.(2･23), y
-
s(A) be co m es n o n-s m o oth fun ctio nbe c ause ofthe first and the third
ter m s, and yll) also n o n-s m o oth fun ctio nin Eq.(2.2 2)fro m Char acteristic 2.2. Fro m Eq.(2,27),
f
s
(A) be c o m es n o n-s m o oth fun ctio nbe c au se ofthe se c o nd ter m, a nd 言(1) als o n o n-s m o oth
fun ction in Eq.(2.26)&o m C har acteristic2.2.
c a s eI･l･3: r4
- r3 ≠0, 713 ≠0, r4 = 0 ･
Fro mEq.(2.23), y
-
s
(A) beco m es n o n- s m o oth fu n ctio nbe c ause ofthe first and the third
te rm s, a nd y
-
(1) als o n o n-s m o oth fun ctio nin Eq.(2.22)挫om Chara cteristic 2.2. Fro m Eq.(2.27),
3 2
2:i.(A) be co m es n o n-s m o oth fu nction be c au s e of the first te r m, a nd 言(A) also n o n-sm o oth
fun ctio nin Eq.(2.2 6)&o m Chara cteristic2.2.
c a s eI.2: y
-
(A)is a n o n-s m o oth fun ctio n.
c a s eI･21 : r4
- r3
= 0, T,3 ≠ 0, r4 ≠0.
Fro m Eq･(2･2 7), fs(1) beco m es n o n-s m o oth fu n ctionbe c au se of the seco nd ter m, a nd
言(1) als o n o n-s m o oth fu n ctio nin Eq.(2･26)fro m Chara cteristic 2･2･ Fr o m Eq･(2･19), ち(A)
bec o m es n o n-s m o oth fun ctio nbec a us e ofthe s e c ondte m l
,
a nd x
-
(A) als o n o n-s m o oth fun ctio nin
Eq.(2.18)&o m C har a cteristic 2.2.
c a s eI･2･2: r4
- r3 ≠0, r3 = 0, r4 ≠0･
Fr o m Eq･(2.19), ち(A) bec o m e s n o n-sm o oth fu n ctio nbe c au se ofthe rlrSt and the third
ter m s
,
a nd 君(A) als ono n-s m o othfu n ctio nin Eq･(2･18)&o m C hara cteristic 2.2. Fro mEq.(2.27),
ち(A) bec o m es n o n-s m o oth fu n ctio nbe ca u se ofthe se c o nd ter m, a nd 吉
.
(A) also n o n-s m oth
fun ctio nin Eq.(2.26)fr o mChara cte ristic 2.2.
c a s eI･213: r4
- r3 ≠0, r3 ≠0, r4 = 0 ･
Fr o m Eq.(2.19), ち(A) be c o m es n o n-s m oth fun ctio nbe ca u se ofthe first a nd the third
ter m s
,
and x
-
(A) als o n o n-s m o oth fun ctio nin Eq･(2･1 8)&o m C hara cteristic 2.2. Fro m Eq.(2.27),
ち(A) be co m es n o n-s m o oth fun ctio n be cause of the first ter m, a nd 言(A) als o n o n-s mo oth
fun ctio nin Eq.(2.26)&o mChara cteristic 2.2.
c a s eI.3: i(1) is a n o n-s m o oth fun ctio n.
c a s eI･3･1: r4
-
巧 = 0, r3 ≠0, r4 ≠0･
Fro m Eq･(2･1 9), fs(A) be c o m es non -s m o oth fun ctio nbe ca u se ofthe se cond ter m, a nd
万(A) als o n o n-s m o oth fun ctio nin Eq･(2･18)fr o m C har acteristic 2･2･ Fro m Eq･(2･23), y
-
s(1)
bec o m es n o n-s mo oth fun ctio nbec a us e ofthe s e c ondter m
,
a nd yll)als o n o n-s m o othfun ctio nin
Eq.(2.22)丘o m Chara cteristic 2.2.
c a s eI･3･2: r4
-
巧 ≠0, r3 = 0, r4 ≠0･
Fro m Eq･(2･2 3), y
-
s
(1) be c o m es n o n-sm o oth fun ction be c au se ofthe s ec o nd term , a nd
y
-
(A) als o n o n-s m o oth fun ctio nin Eq.(2･22) &o m C hara cteristic 2･2･ Fr o m Eq･(2･19), fs(A)
be c o m es n o n-sm o oth fun ctio nbec a us e ofthe flrSt andthe thirdte r ms, a nd 言(A)als o n o n-s m o oth
fun ctio ninEq.(2.1 8)fro mC har acteristic2.2,
c a s eI･3 3: r4
- r3 *0, r3 *0, r4 = 0 ･
Fr o m Eq･(2･1 9), fs(1) be com es n on -s m o oth fun ctio nbe c au s e ofthe se c o nd term, a nd
言(1) als o n o n-s m o oth fun ctio nin Eq･(2･1 8)&o m C hara cteristic 2･2･ Fr o m Eq.(2･23), yTy(1)
be c o mes n o n-s m o oth fun ctio nbe c aus e ofthe first a ndthethirdter m s, a nd ア(A) also no n-s m o oth
fun ctio nin Eq.(2.22)丘o m Chara cteristic 2.2.
3 3
S5: C H A R A C T E R IS TI C
[Chara cteristic A.I]
In operatio n sbetw een n o n-s m o oth fun ctio ns,ther e e xist cas esin which n o n
-s m o othparts c an
be c an c eled
,
and the r es ulta nt fun ctio n is a s m o oth fun ctio n. For ex a mple, s u m m atio n of
f(A)(n on -s m o oth)and - f(,a) is a s m o oth fun ctio nin whichthe n o n-s m o oth partis c an c eled in
thetw o免1n Ctio ns.
也 relatio nto C har actedsticsA .1
,
也efbllo w lI鳩 C har acteristicA.2 isprovided･
[Char acteristic A.2]
If ther e ex,ist m o rethan o n e n o n-s m o oth fu n ctio nsin e ach lin e ar combin atio n of
Eqs.(2.19)(2.23) and(2.2 7), the res ultant fun ctio n is a n on -sm o oth fun ctio n, otherthan the
ex c eptio n al cas es of 訂(A)= O and 考;(A)- 0, o r, y
- ′
(A)= O a nd y
-
:.(A)= 0, o r, T(A)= O a nd
7
s(A)= 0 .
Pr o of
Ass um e that on A , 君(A) is a s m o oth fun ctio n and yll), 言(A) are n o n- s m o oth
fun ctio n s which aregiv e n apriori･ Sin c e(1･hx(A) in Eq･(2･18),(1･h,(A) in Eq.(2･22), a nd
(1＋hz(A) in Eq･(2･2 6)are s m o oth fun ctio nsthat fs(A) is als o a s m o oth fun ctio n, a nd y
-
s
(A),
f
s
(A) are als o n on-s m o oth fun ctio n s血) m Chara cteristic 2.2. Eqs .(2.19)(2.23) and(2.27) are
tr an sfo rm ed asfollo w s:
x
-
s(A)=(rl - r4)y
-
(A)＋ r3言(1)
言(1)≡ y
-
s(A)- - 一 生 f(A)
r4
- r3 r4
- r3
万(1)ニ ー 旦y
-
(1)- ⊥fs(1)
f:3 T:3
(S.27)
(S.28)
(S.2 9)
Eqs･(S･27)(S･28) and(S･29) are repres ented aro u nd A for n o n-s m o otlmess of y
-
(A), 言(A) as
follo w s･ In Eqs･(S･30･a)through(S13 2･b), equ alm e an sinfinite appr o a chto e ach equ alrelation .
(r3 - r.)yll - d 1)＋ r3Z11 - dl)- Cl, (S.30.a)
(r3 - r.)y11＋d 1)＋ r3Z
-
(1＋d A)= Cl, (S.30.b)
34
⊥ y
-
s(A - d A)- -+ L言(A - dl)- C2 ,
r4
- r3 r4
‾ f13
⊥
,
-
s
(A' d A)- ⊥ 言(1'd 1)= C2,
r4
- 7
'
3 r4
‾ r3
where,
(S.31.a)
(S.31.b)
潔(A - dl'-‡抑 dl'- C2, (S･3 2･a)
一号yll･d A'ifs'l 十dA'- C2, (S･3 2･b,
x
-
s(A - d 1)= xTi.(1＋dl)= Cl ,
x
-
(A - d 1)= x
-
(1十 d 1)- C2 ,
y
-
s(A - d 1)≠ y
-
s
(1＋d 1),
yll - d 1)≠ y
-
(A＋ d 1),
f
s(A - dA)≠毛(1＋d l),
言(A - d l)≠言(A＋d ス).
T here exist six equ atio n s ofEqs･(S･30･a)thro ugh(S･3 2･b)to be solv ed. Thereis apo ssibilitythat
Eqs･(S･30･a),(S･31･a) and(S 3 2･a)arelin e arlydepende nt. The pos sibilityis e x a min ed asfollo w s:
If allofthefわllo winglin e ardepe nde n c es ar e consiste nt, Eqs.(S.30.a)thro ugh Eqs.(S.32.b)
are shr unke nintotw oindependentfu n ctio n s.
Fo rthelin e ardepe nde n c ebetw ee nEqs･(S･30･a)a nd(S.3 1. a), the follo wing relatio nssho uld
be co n sistent.
1
(r3 - r4)(1･hy(A) -言古
w
,
r3
= -
r4
r4
- r3
Cl = W
･ C2 )
W
)
w :pr opo rtio nalc o efrlCient.
wher e
Fro m Eqs･(S･33･a)and(S.33.b),thefわllo wingrelationis deriv ed.
35
(S.33.a)
(S.33.b)
(S.33.c)
(1･h,(A) ニ ー
r3
r4(r1 - r4)
(S.34)
Forthelineardepe nde n c ebetw een Eqs.(S.30. a)and(S.3 2. a),the follo wing relatio n s sho uld
be c onsistent.
r3
- r4 -
- 旦 w
,
r;3
r,(1･hz(A) -
Cl = W
･ C2 ･
1
- - W
)
r3
Fro mEqs.(S.3 5.a)and(S.3 5.b)thefollo wing relationis deriv ed.
(1十h(A)I)- 管 ,
(S.35.a)
(S.35.b)
(S.35.c)
(S.36)
Forthelin e ardependen c ebetw e enEqs･(S･3 1･a)and(S.32･a)who s erightsides ar eboth C2 ,
the follo w lngr elation s sho uldbe co n site nt.
r4
- r:3 r3
､ ′
- 荒(1･hz'1')- -‡
ニ ー与(1･h,(A) ,
Fro m Eqs･(S･37･a)and(S･3 7･b), thefollo wing equ atio n s ared riv ed.
(1･h,(1) ニ ー
r3
r4(r4 - r3)
'
(1'hz(1) - 旦二皇
r3r4
r3 ≠r4 forthedefinition ofEq.(S 3 8.a).
where
36
(S.37. a)
(S.3 7.b)
(S.38.a)
(S.3 8.b)
Eqs･(S･38･a)and(S･3 8･b)c o ntr adict withEqs･(S･34)and(S.3 6), respe ctiv ely.
The s a m e co ntradictio n can bepr o v enfわr Eqs.(S.3 0.b)(S.3 1.b)and(S.32.b).
Co n siderthefbllo w lngpossiblefわu r c as es.
①six in dependentequ ations withthre epara m eters of C” C2, V .
②Fo u rindepe nde ntequ ations withthr eepara m eters of Cl, C2 , ” .
③Fo u rindepende ntequatio n swithtw opar a m eters of C.,(C2 = WC.), ” .
④Tw oin dependentequ atio n swithtw opar a m eters of C”(C2 - W Cl), ” .
only c as e④ c a nbe s olv edforthe ass u mptio n ofs m o oth x
-
(A), n o n-s m o oth y
-
(A), 言(A), butas
des cribedabo v e,thereisthe c o ntradictionandthe ass u mpt10 nis n otvalid.
The s a m edis c u ssio ns c an bepro vided for s m o othn ess of y
-
(A) or 言(A).
The char acteristic ISPro v e nfor otherthanthe e x c eptio n alc as es.
Ne xt, the e x c eptio n al c ases are c o nsidered･ Fro mEqs･(2･19)(2･23)a nd(2.27),thefわlo wing
equ ations are de血v ed.
xT:(A)≡ r3y
- I
(A)＋ r3F(A)- r.ア(A), (s.3 9)
y
-
i
:(A)= r4訂(A)＋ r4F(i)7,訂(A), (s.40)
<(A)ニ ー rj訂(A)- - r.y
- I
(1)･ (s.41)
For T(A)- 0 a nd x7g(A)- 0 , ther e e xist o nly y～(i), y
-
;(A) , T(A) and 亨;(A) in
Eqs･(S･39)(S･40)and(S･4 1)that thedis c ussion relatedto n o n-s m o othn ess(dis c o ntinu o u s ofthefirst
orderdiffere ntial)is clos ed in ア(i), y
-
;(A), F(1) a nd 宅(A). Co n sequ e ntly, mixtures of
s m o oth 触 ctio n s andn o n-s m o oth functio ns arepo ssiblein thelin e ar com bin atio n s･ Inthe s a m e w ay
for other e xc eptio n alc as es.
S･6: C O N S ID E R A T IO N O NT H E O R E M 2.2 F R O M O T H E R PO IN T O F V I E W
A chro m atic c u rv e of thre epara m eters万(A), y
-
(A) and 言(A) is athird o rder c u rv e
y = y(x) in the w pla n e･ Cro sspoints betw ee ny = y(x) and y-a xis isfor m ulated as athi,d
order equ atio n･ Whe n a chr o m atic diagram a nd the y- a xis c o m ein co ntact with e ach other, tw o
duplic ated s olutio n s o rthre eduplicated solutio n s should existin the third order equ atio n･ Asthe
duplic atio nisin cre m e nt d o n e, o n epar a meterisde cre m e ntd fr o mthe c u rv e. In the c as e ofthree
duplic ated s olutio n s, o nly o n epara m eter e xists ar o u nd 也e co ntact polnt･ T his impliesthat thr ee
par a m eters of 言(A), yll) a nd 言(A) ar edepe nde nt ea ch other･ h the c as e oftw oduplicated
solutio ns
,
o nly tw o indepe ndent par a m eters exist aro u nd the c o nta ct polnt･ T he both cas es
c orrespo ndtothe e x c ept10 n alc ases of The ore m2.2.
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S.7:I L L U S T R ATI ON
ZlusLrado nll ex c eptio n alc as e ofTheo re m2･1
In this s e ctio n
,
a c o n v e x chr o m aticltydiagra m ofc mfs n otsatisfyingthe n e cess aryc o nditio n s
of T he ore m2.1 isin clu.且ed.
Defin e visible w a v elength A o v erthe ope ninte rv al(0,37T/ 2) whereA is m ap ped o nthe
w av el ngthr ange adequ ately, a nd deflne X
-
(1), y
-
(A) and I
-
(A) asfollo w s:
x
-
(1)- fx(A)/sin(2fx(A)/3),
y
-
(1)= f,(1)/sin(2fx(A)/ 3),
言(1)-〈1 - fx(A)- fy(A)/sin(2fx(A)/3),
fx(A)- cos(f(A) ,
fv(A)= sin(I(A) ,
f(A)= A for O≦1 ≦H and f(A)= 2 1一 方 for 刀
･
< 1<37T/2.
where
(S.42)
(S.43)
In this c as e, itis sho wn that 言(A) isin alin e ar c o mbin atio n r elatio n ship with x
-
(A) a nd
y
-
(1)I h Eq･(S･42), the co mmo nter m sin(2fx(1)/3)is n or m aliz ed. T his s r e as o n ablebec a us ein
the c alculatio n of x(i)- 君(A)/(x
-
(A)＋y
-
(1)･言(1) a nd y(i)- y
-
(1)/(言(A)＋y11)＋言(A) , the
co m m o nter mis n o rm aliz ed. An dthefollo w mgr elatio nisderiv ed.
言(1)= ト 万(A)- y
-
(A). (s.44)
Thisimplies a c o mplete lin e ardepende n cebetw e en烹
■
(A), y
-
(A) and 言(A) with the co n sta nt
c o efficients - 1 andthe c o n stantoffs et 1･ T hisis an e x c eption alc as e which is notin cludedin the
ass u mptio n血 Sectio n2.4.
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7
m lu sb'aiio n2=ex c eptio n alca se ofTheo rem 2.2
In this c as e,the chro m aticdiagr a m(circle)andthe y- a xis c o m ein c o ntact with e a ch other.
x
-
(A), yll) a nd 言(A) aredefin ed asfollo w s:
39
言(A)-(1/4)sin(2T･ 1)‡1＋ c os(22T･ 1) ,
y
-
(A)=(1/ 4)sin(2T･ 1)‡1＋ sin(22T･ 1) , (S･4 5)
言(A)= sin(2r･ 1)‡1/2-(1/ 4)c os(27T･Aト(1/4)sin(2方 I 1)i,
wher eA is m appedo nthe w av elengthra nge, adequ ately.
T hefbllo w lngrelatio nisderiv ed.
i(1)= 1 - 言(A)- y
-
(A). (S.4 6)
T hisimplies alin e ardepe nde n c ebetw e enx
-
(A), ラ(A) a nd 言(A) withthe c o n sta nt c o ef{lCients
- l andthe c o n stant offset 1. Thedepe nde n c edecre as esthe order ofthe equ atio n, a ndthe c u rv e
co ntactwiththe y-a xis astw oduplic ateds olutio ns.
Thisis an ex c eptio n alca se which is n otin cluded in the ass u mptio nin Se ctio n2.4, be c a us e of
the relatio n ofEq.(S.46).
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3.T H E O R E M A ND F O R MU L A:S IJB T R A C TIV E C O L O R M I X TU R 五
3.1.IN T R O D tTC TI ON
In thislchapter, the u n s olv ed proble m s related to subtra ctiv e c ol r
mixtur edes cribedin
Chapter1 aredis cu ss ed･
In additiv e c ol rmixtu r e, when m oreth antw o c o mpo n e nt tristim ulus v alu es areglV e nthen
the mixture res ultisdete min ed 任o m alin e ar c o mbin atio nofthe c o mpo n ents･ Onthe otherh and,in
s ubtra ctiv e c ol r mixtur e, the resulta nt tristim ulu s valu es are n ot umquely deter min ed fr om
c o mpon ent tristim ulus v alu es･
T he dis cu ssion s starts 丘o m 1)Fo r m ulas of the minim u m and the m axim u m bo u nds of
s ubtra ctiv e col rmixture. An d bas ed onthe res ults, 2)Fo r m ula ofthe c entroid ofs ubtr activ e col r
m 汝tu rewi 11be disc uss ed. T hedisc us sio n s relatedto 1)startfro mthe simplest m odelof ide alc olo r,
and e xtendedto ge neralc olor antdisc u ssio n s andre al colora ntdis cu ssions forthe o n edim e n sio n a
l
c as es. Andthe o n edim en sion aldisc u ssio n s ar ee xtendedto thethr eedim e n sion aldis c u ssio ns･ T he
s ectio n sf♭r thedisc ussio n s ar eideal c olor and single tristim ulu sdim e n sion, gen eral color ant and
single tristim ulu sdim en sion, r e alistic c olor ant and single tristim ulu sdim e nsio n, a nd ide al c olor,
ge n eralc olor) r ealc olor andtristim ulu sdim en sio n･ T he dis cu ssio n s are c o
nsidered in r elatio nto the
optim alcolo rthe o ry which hasdis cu ss edthebo undsfor e ach c o mpo n e ntc olor･
T be ce ntr oid in a血 n一 皿 a x r a ngeisimporta nt to m ake a r e aso n able estim ation ofs ubtra ctiv e
c olor mixtu re. Starting fro mdisc u ssionsforide alc olor, the ce ntr oidforgen eral color ants and re al
c olor ants ar ederiv ed. The se ctio n sforthedis cu ssion s are ce ntr oid in o n e andthr eedim en sio n sfor
ide alc olor
,
a nd c entroid ino n e andthre edim en sio nsforge n eralc olor ant andre alistic color ant･ T he
importa nt result deriv edis that the c entroid of res ultant stim ulu s v alu esis repr es entedin the
m ultiplication fo rm betw ee ncompo n ent stim ulus v alu es apn ori glV en, aPPrO Xim ately･ This
m ultiplication co rrespondstothe additio nin additiv e c ol r mixtu re.
N um eric al illu str atio n s ar e sho wnin Chapter4 linkedto e a ch se ctio n･
The results co ntributeto w ard a c o mprehe nsiv e m odeling ofs ubtr activ e c ol r mixtu re･ Figur e
3.Isho w sthe ov er vie w ofthe stru ctu re ofthethe ore m s andfo rm ulasin cludedin this chapter.
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3.2.S U B T R A C T IV E C O L O R M IX T tJR 丑A N D M O D E L
The La mbert_BeerLa w
l
is assu m ed forthe subtra ctiv e c ol r mixtu re m odel. Den ote the
spe ctr al tr an smittan ce sfor cya n(C), m age nta(M), yelo w(Y) dye asTc(A), TM(A), Ty(A),
andthe den sityfor e achprim ary as c, m, y, r e spectiv ely. The spe ctr altransmittan ceT(A) fo r
c olo rantlayers of C, M ,Y is m odeledasfollo w s:
T(A)-‡Tc(A)〉
c
‡TM(A)‡
m
(Ty(A)‡
y
= pl(1)p2(A)p3(A),
pl(A)-(Tc(1)
c
,
p2(1)-(TM(A)‡
m
,
p3(1)=‡Ty(1)l
y
,
0≦ pi(A)≦1(i =1,2,3).
where
Thetri-stim ulu s v alu es(X,Y,Z) are c alc ulated asfollo w s:
X =JT(A)s(A)x
-
(A)dl,
Y =[T(1)s(A)y
-
(A)d l,
Z =JT(1)s(A)言(A)d A,
s(A):spe ctralpo w erdistribution of anilluminant.
wher e
3.3.N O T A TI O N, D E FIN ITI O N A N D CON DI T IO N
n : n umber ofcolo r antsin ac olor antlayer･
n(≧2) color ants m e an s alayer c o mpos ed of n c olor ants.
m a x[Jl,J2, ･ ･ ･,Jか]: m aXim u m v alu e am ong J[(i∈In -(1,2, - ,nl),
min[J.,J2, ･ ･ ･,Jn]: minim u m v alqe a m o ng Jt(i｡ In),
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(3.1)
(3.2)
(畠pi(i,)I -∫〔,9.pi(A,〕s(A,I(A,d l,
(LePi(i,)I,m a x - p[(iT,a,”,[t(lePi(A,〕s(A,I(A,dl]: - axi- u - va.u e of
[∫(L4pi(A)〕s(A,I(1,dl]
para m eteriz ed by pt･(A)(i∈I,i),
(lePi(A,)T,min - pi(t･ =*. .,”,[∫(LBpi(1,)s(A,I(A,dl]: -inim u - v alu eof
[∫〔,BpE･(i,〕s(A,I(A,dl]
pal
l
a m eteriz edby pi(A)(t
'
∈ I
n),
wher e
[Jl,J2, - ,J,,]: -[xl, X2, - ,Xn] o r[w2; ･ ･ ,Yn] or[zl,Z2, ･ ･ ･ ,Z,1],
r(A): = 君(i) or ylA) or 言(A) (for o n e-dirn e n sion al dis c ussio n, で is omitted f.r
simplicity),
pt･'l'(i∈′〝 沖(,91Pi'l))で
,
In 弧
a nd pi(A,(i∈′〃 沖(lePi(A,)T,min ar e OPtl-iz ed
in depe ndently･
The m a xim u m orthe minim u m v alu eis fo u nd by cha ngingthe spe ctraltr an s mittan cepE･(A) ofa
slngle c olo ra nt that m apto agiv e n Stim ulu s v alu e,for i = 1,2, ･ ･ ･ , n .
Tristim ulu s v alu es
S(A) and xll), y
-
(A), i(A) ar efix ed. A priori definetristim ulu s v alu esfo r e ach c ol｡r ant
layer as follo w s:
xi
-(pi(A)君(i∈ In),
ち -(pi(1),- (i∈ In),
zl -(pi(i)f (i∈ In)･
Eq･(3･3)holdsfor pci(A)(i∈1n) and pcsi(A)(i∈I,,) as w ell.
(3.3)
Xo , Yo , Z. de n ote tristim ulu s valu es of an illumin ant. Equ atio n(3.3)is the defining
c o nstraintofthe wholeproble m, a nd Xi(i∈ In), Yi(i∈ Jn) and Z,I(i∈ In) ar einputsthatdefln e
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the c o nstraints. These X
t ,
Y
L
a nd Z
i
V alu es c anbe cho s en onlyin the interv als Xi ∈[0, Xo],
耳∈[0, Y.]and Zi ∈[0, Zo], respe ctiv ely･ For on e-dim e n sio n aldisc u ssio n s, o nlyc o n straints o n o n e
axis are applied.
Probabiltvden sitv fun ctio n
pl(A), p2(A) satisfythe c on sb
･aints of Eq･(3･3)I((pl(i),p2(i)ico ,,di(t･( ” indic ates a s et
of(pl(1),p2(i) pair s atisfyingthe c o nditio n･ Pr obabilityde nsityfu n ctio n Pr ･(x)is defin ed as
follow s: Whe n a res ultant stim ulus v alu e is glV e n, there exists the s et of
‡(pl(A),p2(A)i(pl(A,p2(1,)= X ･ For ‡(pl(i),P2(A))(pl(A,p2(A,)= X , Probability de n sity fu n
ction
pr .(x) which depends o n X satisfying P(XL≦X ≦Xu)-Jx
x
[
[
:Pr･(XWX and
p(xL≦X ≦XL ･ d X)-†x
X
L
L'd gpr ･(x 好 - Pr ･(XL)d X is defln ed･ W here P(XL ≦ X ≦ Xu)
impliestheprobabilitythat X isinthe r ange of[xL, Xu](0≦XL, Xu ≦ Xo)･
Fo rdiscr et X
,
Pr .(x) impliespr obabilitydistributio n.
Here aRer, ((pl(1),p2(A)i(p.(A,p2(A,)= X is repres ented as ((pl(A),p2(A))x for
simplicity.
Thepr obabilityden sityfun ctio nispreparedfo rthe m odelingofthe c e ntroidequ atio n.
辿
＋In cludedrelatio nin thetr an smittan c e ofn c olo rants
The includedrelatio n s oftran spare ntbands ar edefin ed asthe cas esthat a w avelength regio n
of p = 1 ofa c olor ant`isin cludedin w a v ele ngth region s of p - 1 ofother c ol r antslargerthanthe
r egio n, aS Sho wn in Figur e3･2 as an ex a mple･ Figure3･2 sho w sthe tr an smittan c e c ompo sed by n
c olo rants andtheindex i (1≦i ≦n) regio n of p = 1 is in cluded bythe s m allerinde x n u mber of
regl O nS Of p I 1･ The solidlinesindic atethe res ults ofthe s uperimpo slngthe c olor ants･
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0. 5
8
E = n
1 - '
E
'
- 2 L
l
- 1
400 500 600 700 nm
Figure3･2 Ex a mple ofin cludedrelatio ns oftra nspare ntba ndsbetw e e npi(i = 1,2; ･ ･ , n).
･ Separ atedrelatio nin thetra n smitta n ce ofn c olor ants
The separatedrelatio ns ofabs orptio nba nds aredefln ed asthe c ase sthat a w av elengthregio n
of 〟 ≡ 0 ofa c olo rantis s epar ated with wa v elength reglO n S Or β = 0 ofotber c ol r ants as sho w n
in Figur e3･3 as an ex a mple･ Figure3･3 sho w sthe tr an s mittan ce c o mpos ed by n colora nts, a ndthe
absorptio n ba nd i (i = 1,2, - ,n) c orrespo nds to the abs orptio n band for e ach color ant i
(i = 1,2, ･ ･ ･, n)･ T he s olid lin esindic atethe results ofthe s uperimposingthe colora nts.
0. 5
0
J= J i = 2 l = n
4 00 500 600 700 nm
Figu re3･3 Ex a mple ofs epar atedrelatio ns ofabs orptio nba ndsbetw e enpi(i = 1,2, . ･ ･, n).
T he s a m e relatio n s c o n sistfor c o mbin atio n s ofv ario u stypes of idealcolor m odelother tha n
the e x a mples sho wnin Figu re3･2 a ndFigur e3･3･
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spe ctr altra nsmittan cefun ctio n s ofr e alistic c olora nts aredefin ed bylin ear c o mbin atio ns of
basicfun ctio n s m athe m atic ally as follo w s:
pcsl(A)-圭cel
,
kBk(A),
k=1
pcs2(A)-圭c e2,kBk(A),
k=1
pcsn(A)-圭c en ,kBk(A),
k=l
0 ≦ Bk(A)(k = 1,2, - ,h):basic fun ctions,
o≦c e
,,k
≦1(k = 1,2, - ,h :j - 1,2, - ,n): w eighting c oefficie nts,
c -(ce.,1,C e.,2, ･ ･ ･ ,C e.,A, C e2,1,C e2,2, ･ ･ .,C e2,h, . ･ ･ ･ ･ ･ , C en ,1 , C en ,2 ･ ･ .,C en ,h)
I
-(cl,C2, ･ ･ .,C(” h)
I
･
where
(3.4)
Co n stitu e nts of basic fun ctio n s c anbe su ch as splin efun ctio nsthats u mappro xim atelyto I at any
w aveleng也.
Re alistic c olor ants Jk S c orr espo nds to gen eral c olor ants with the s m o oth c orrelatio n
m odeling of Eq.(3.4)in the w av ele ngth r ange, o nthe otherhand, pc has be endefin ed asge n er al
c olor 皿tS Wi也o ut血e s m o o血 m odelingin the w a v ele ngtll r ange.
蜘 些星
Repr ese ntativ e c mf v e ctors areintrodu ced to thre e-dim e nsio n aldis cu ssio n s, be c au s ethe
differen cebetw ee nthe o n e-dim en sio n al and the thre e-dim e nsio n al dis c u ssio n sis that there e xist
both 血depende ntanddepe nde ntrelatio n sinthethr ee-dim e n sion aldis cu ssio n s.
Tho ugh the infinitely smal dl is u sed in the n otatio n al repres e ntatio n, in the follow lng
dis c ussion s, A s ampledin aninte rv al of finite Al is u sed forpo ssible calculatio n swhich is
assum ed to be s ufrlCiently s mal. N indic ates the co rrespo nding s ampling n u mber in the
w a v el ngthr 弧ge.
Fo rthe thre e-dim e n sio n aldiscu ssio n s, the w av elength r egl O n Of 〃 dim e nsio n sho uld be
shru nken for abrief m athe m atic al des criptio n as will be e xplain edlater. Her ea允er, the w av ele ngth
reglO nis called the ongln al spac e. T he requir e m e nts forthe des criptlO n aredis crimin atio n s of
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in cludedr elatio n a nd sepa ratedrelatio n.
T he repres e ntativ e c mfve ctors,
v
r
-‡vr(l*(h) -(i,･(l*(h), y- /I(l*(h),f].(l*(h) , h∈ H -‡l,2, - ,s n)I, (3･5)
are defin ed as s n n u mber of v ectors which r epres e nt all of the c mf v ectors
v -(v(A)-(x
-
(A), y
-
(A),言(A) ,1∈ A -(4,ち, - ,1N) by an appro xim atio n usingthe v ectorsin
v
,
･ w here1
*
(h)is a ninde xfor sn n u mber ofrepres entativ e v e ctors.
T he c mf v ecto rs V(A) (1∈ A) are appro xim ated in a s m allw a v el ngth ra nge u sing
repres e ntativ e ve ctors, V;.(1
*
(h) (h∈ H), asfollo w s:
v(A)… V
,
.(1
*
(A) ,
1∈[1
'
(h), 1
'
(h)･A l
*
(h)],
Al
一
(h)‥s m allw av el ngth inte rv alfor 1
*
(h)
where
Here after,the n otatio n s areV
,
(h)- V
,
.(1
*
(h)(∀h∈ H) fo rsimplicity.
The calculation ofthetristim ulus v e cto r(X,Y,Z)
t
is asfollo w s:
(x,y,z)-豊s(j)p(j)v(j)- 望c(h)v,.(h)(ヨC(h) ,
j=1 h=1
c(h)≧0(∀h∈ H): merged co effic e nton the wa velength of A
*
(h).
T he c o effic e nts Co(h) (∀h∈ H) indic ate that the c orresponding
where
(3.6)
(3.7)
po(A) is u nity
(p｡(A)- 1, ∀1) acro ssthe w a v ele ngthr a nge andthefollo wingrelationis co n sistent.
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(x.,y.,z｡)-望c.(h)v,(h).
h=1
(3.8)
For arbitr aryspe ctr altr an s mittanc es pa(A)(0 ≦pa(A)≦1),there e xists co rre spo ndingide al
c olorp(A) in the integralcalculation in the w av elengthra nge as pa(A)A1(7 ≡ P(A)A 1(A 1≦A ha),
where A l
a
and AAare suffic entlys m alls a mplinginte rv alsin the w av elengthr ange･ He n ce･ with
the inte rv als, allspectr al tr an s mittan ces can be repla ced by ide al c olor representatio ns,
appro xim atelyL Co rrespo ndingtothe s ufrlCientlysm alls a mplinginterv al,the s a mplingdim e nsion of
idealcolor N is verylarge･ Hen ce, the repr esentativ e c mf v ectorsdescribed abo v e are e mployed
fo r c o mpa ct m athe m atic al descriptio ns･ In the dim e n sio n shr unke n m odel, appro xim ations ar e
perfo rm ed only in [1
*
(h), 1
*
(h)＋A 1
*
(h)] of e a ch 1
*
(h) of r epres entativ e vecto rs, a nd
representativ eve ctors ar eindepe nde nte ach other･ Wheredepe nde n cyI mpliesthatin a s m allse ctio n
v ectors arein apre
-defln edpre cisio n.
[Ap白od c o ndit on]
s(A) and 君(A),y
-
(A),言(A) arefTIX ed. The whole for m alis min this article depe nds o nthe
n o n egativity of x
I
(A), yll) and i(A). T he v alu es of Xi(i = 1,2, - ,n) aregiv e n apriori. T he
pn od c o ndito n s are llS ed fbr 也e o re m sfbllo w lng.
3.4.II) E A L C O L O R A N I) O N E D I M E N SI O N
18
b 血is s ection,ideal c oloris assu m ed. T he ore m s3.1 and3.2 are related to the m a xim u m
stim ulu s v alu e ofsubtra ctiv e c ol r m汝tur e underthe ass umptlO nthat the stim ulu s v alu e ofe a ch
c olo r 皿tis apn o nglV en.
The ore m s3.1. a nd 3.2deriv ethe m a xim u mbo und equ atio nforide alc olor. T he or e m3.I is
for n= 2 color ants c as e, andtheo re m3.2is forthe m athe m aticalrelatio n of n(2< n) c olo ra nts
c as e underthe ass u mptio n ofthe m athe m atic alrelatio n of(n - I) c olor ants c ase.
[The ore m3.1]
For apn o ngive n X ” X2 , thefollo w ing m athe m atic alr elatio nis v alid:
(pl(A)p2(A) 孤 - min[Xl,X2]I
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(3.9､)
Pro of
Co n siderthe c ase of Xl < X2 ･
The left side of Eq･(3･9)is m aximiz ed when pl(A) is in cludedin p2(A) (in cluded
relatio n oftra nspare ntband)o nthe r eas o nthat pl(A)p2(A) takesthe m axim u m r atio v alu e of 1 in
the w a v ele ngth ra nge. Sin c ein this c asepl(A)p2(A)= pl(A), a nd s olvingtheleftside ofEq.(3.9)
w ehav etherightside ofEq･(3･9)･ The in cluded relatio n alw ays e xists for a ny v alu es of Xh X2,
bec au s epl(A) c a n existas apartof p2(A)in the c ase of Xl < X, ･
Inthe c as eof X2 ≦ Xい thepro ofisprovided inthe s a m e w ay･
[T he ore m3.2]
Fo r aprio rigiv e n xi(i= 1･2, ･ - ,n ; 2≦ n) u nderthe co nstraint of Eq.(3.3), the follo wing
m athe m atic alrelatio nis v alidfわr 〟 c olorantslayer :
(L91PL･(A,)m ax = min[Xl,X2 - ,Xf.]･ (3.10)
Pro of
By u sing the n otatio n of p-(Ja)p2(A) - pH _.(A)= p,:_1(A), min[x.,X2, - ,Xl,_ 1]= Xn
＋
_ 1
a nd &o mthisthe ore mfo r(n - 1) color ants,thefolo wingr elatio nisderiv ed:
x
n
*
-1
-(pn
*
-1(A))m ax - min[xl, X2, ･ - ,Xn -1]･
Bas edo nEq･(3･1I) and T heore m3.1,the followingrelatio nisderiv ed,
(191Pt･(A,)m a x -(pn* -1(A,pf,(A,)皿 X - min[xl:-1,Xn]- min[xl,X2, - ,Xn]･
T hetheore mispro v e n･
2≦ n .
(3.ll)
(3.12)
Mathe m atic alindu ctio nbas ed onT he ore m3･1 a nd The ore m3･2 pro v es the gen er al c ase of
Tbeo re m s3･3 and 3･4 deriv ethe minim u mbo u nd equ atio nfわride alc olor･ T heore m3.3 isfわr
n = 2 colora nt c as e, and the ore m3.4 is forthe m athe m atic alr elatio n of n(2< n) c olora nts c as e
u nderthe as su mptio n ofthe m athe m atic alrelatio n of(n - I) c olo rants c ase.
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[Theo re m3.3]
IfX. < X. ＋ X2 ,the n
(pl(A)p2(1)min - Xl 十X2 - X.,
els eif X.･ X2 ≦ X.,then(pl(A)p2(i)min = 0 .
(3.13)
Pro of
The ass umptio n of Xo < Xl ＋X2 is explain ed･ On the c o nditio n of Xn = X. ＋ X ノ, , ther e
exist pl(A), p2(1) whos etran spare ntbands c o mpletelyfillup allthe w av ele ngth ra nge by the
c o mbin atio ns witho ut o v erlap ping and s atisfle S X.,= X. ＋ X2 (e.g. Figure 3.4
(a)(d),(e)(i):(a)-(e),(d)-(i))I Starting from pl(1), p2(A) s atisfying Xu = X- ＋ X2, CO n Siderthe
c ase of Xo < Xl ＋X2 ･ On the co ndito n of Xo < Xl ＋X2, abs orptio nba nds of pl(A), p2(A)(e･g.
Figure3･4(b)(c))shouldbe de cre ased(e･g･ Figu re3･4(b
'
)(c
'
))forthein cre ase of X- ＋ X∋, a nd the
abs orptio nba nds c anbe s epar ated ea ch otherin pl(A)p2(1), be c au s e, ther e ca n exist slates of
pl(A)≡ 1, p2(1)= 1 at adjac entbo undaryby adequ ate de cre m e nts ofe a ch abs orptio nba nd wi dth
(e･g･ Figure3･4(e
'
)(f
'
):(e
'
)-(c
'
),(f')-(b'))･ Tho ughFigure3.4 sho w sthe simplestc as e,the abo v e
disc u ssio nis n otre strictedby n u mberoftr an sparentandabs orptio nbands e xisted in the w a v elength
ra nge ･
If X
l
＋ X
2
1
< Xo , there can n ot exist the s eparated r elatio ns of abso rptio nbands a nd
pl(1)p2(A)- 0 for al w a v el ngth･ The n(pl(A)p2(A)
β
1
0.5 (a)
= 0 .
∫ ,ⅡⅥ n
(b)
40 500 600 700
Figu re3･4(a)(b)Fo rthe explan atio n ofThe or e m3.3.
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Figure3･4(c)(d)Forthe e xplan atio n of T he ore m3.3.
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'
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)Forthe expla n ation ofT he ore m3･3･
As e xplain ed abo v e, the ass u mptio n of X. < Xl ＋ X2 c orrespo nds to that there e xist p-(A)
and p2(A) whos e abso rptio nb ands are separatedin pl(A)p2(A) for giv en v alu es of X.,, X. ,
X
2
･
A s eparated r elatio n betw e n pl(,a) abs orptio n b ands (wher ep.(A)- 0) and p2(A)
abs orption b ands (where p2(A)- 0 ) mini miz es(pl(A)p2(i) in Eq･(3･1 3), be cause
pl(A)p,(A) takesthe m a xim u m r atio of Ov alu ein the w avele ngth r angeforgiv e n Xl and X2 ･
The assu mptio n of X. < Xl ＋ X2 en ablesthe s epar atedrelation betw ee npl(A) abs orption bands
and p2(A) abs o rptio nbands･ Usingthes e r elatio ns,the follo wing equ atio nisderiv ed:
xl＋ X2
-(pl(1)p2(A) min
- (X. - (abs orptio nbypl(A))
＋(Xo -(absorptio nby p2(A)))
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(3.14)
- (Xo -(abs orptio nby pl(A) a ndp2(A)))
= ∬o ,
(abs orptionbypi(A)): X v alue abs orbed by pL･(A)(i =1 or 2),
(abs orptio nby pl(A) a ndp2(A)): X v alu eabs orbedby pi(A)(i =1,2),
(abs o rptio nby pl(A) andp2(1))-(abs orptio nby pl(A))＋(abs orptio nby p2(A)),
u nderthe s eparatedrelatio n･
T hethe or e mispro v en.
where
[Tbe ore m3･4]
For a priori giv e n Xi(i = 1,2, - I ,n ; 2≦ n) u nder the c o nstr aint of Eq･(3･3), lf
･n - 1,xo <蓋xi then(lePi(A,)｡､in is repres e nted asfollo w s:
(t91PL･(A,)
n
= ∑xi -(n - I)xo .
min f=1
EIs eif蓋xE≦(〟 - 1)xo,then(自pi(A,)m主n - 0 ･
(3.15)
Pr o of
､
n
The as su mptio n of(n - 1)xo <∑X,･ is explain ed･ The e xpla n ation is the e xten sio n ofthe
f=l
e xplan atio n of The ore m 3･3 o n the s a m etheoretic al fra m e w ork･ On the c o nditio n of
J!
(n - 1)xo - ∑ X,A there e xistpl(A),p2(A),
-
,p,i(A) whos etra n spar entbands c o mpletelyrillup all
i=1
the w av ele ngth range (n - 1) tim esby the c o mb inatio n s witho ut o v erlapping a nd s atisfies
n
”
(n - 1)xo - ∑ Xi ･ Starting 丘o mpl(A),P2(A)･
-
,pn(A) s atisfyingthe relatio n of(n
- I)xo - ∑ Xi,
i=1 L
'
=1
11 ”
c o n siderthe c as e of(n - 1)xo < ∑XE A On the c onditio n of(n
- I)xo < ∑Xi , abs orptio nbands of
t
･
=1 i=l
n
pl(A),p,(A), - ,Pn(A) sho uld be decr eas ed fo rthe in cre ase of ∑Xi I
a ndthe abs orptio nba nds
L
.
=1
c a nbe separated e ach otherin pl(A)p2(A) - P71(A), be c au se･ ther ec a n exist slates of
p-(A)- 1, p2(A)- 1, ･ ･ ･ ,pn(A)- 1 at adjac e nt bo u ndary by adequ ate de crem e nts of e a ch
abs o叩tlO nba nd width･
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nAs e xplain ed abo v e, the assu mption of(n
- 1)xo < =Xi c orrespo nds to that ther e exist
f=1
pl(A),p2(A), - ,pn(A) whos e abs o rptio nbands ar
e s eparated in pl(A)p2(1)
･ -
Pn(A) forgiv e n
v alu es of Xo, Xl,
- I
,
X
n
･ Fo rthe s a m epl(A), p2(A), - ,pn(A),the abs orptio nbandsbetw ee
n
fl
-1
pD(A) and Ⅲpi(A) are als o s epar ated that u nder
the ass u mption ther e e xist p,,(A) a nd
i=1
”
-1
rlpi(A) whos e abs orptionbands ar e s eparated･
f=1
Assu m ethat Eq.(3.1 5)is v alid for (n - 1) c olor ants, Eq･(3･15)for(n
- 1) c olora nts is
co n v ert dasfわllo w s:
･n - 2,xo -(冨xi -(?3pi(A,)min〕･
T he minimiz atio n of(,91Pi(A))min
(3.16)
/ 卜I
is attain ed when pn(A) is s eparated fro m npi(A)
i=t
(s epar ated relatio n of abs orptionbands)･ The s epar ation is ass ur ed from the ass u mptio n･ On th
e
separatio n, the relatio n of(:91
1
pi(1)
min
-(abs orptio nby pn,〕-(自pi(A,)min is v a.id･ And
the subtr actio n Xo -(absorption by pD(A))c orr esponds to Xn that the follo wing equ a
tio nis
deriv edusingEq.(3･16):
fl )) l
･n - I,xo - Xo ･(冨xi -(害pi(A,)min〕
-(x. -(abs orptio nby pn(A))＋冨xi -〔(791
1
pi(A) -(abs o rption by - )〕
-
,!1Xi -(glPz･(1,)min (3.1 7)
In Eq.(3.17),(abs orptio nby pn(A) te rm s Who s e s urr m atio n equ als to O･O arein cludedin the
sec o ndequ ation andthefinalfo rm of Eq.(3･17)which c o rrespondsto Eq･(3･15)isderiv ed･
Mathe m atical indu ctio nbas ed onthe or e m3.3 andthe or e m3･4 pr o v esthe ge ner alc as e of
2≦ 乃 .
TI
If ∑Xi ≦(n - 1)xo , there c an n ot e xist the s epar ated r elatio n s of abso rptio nbands and
i=1
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自pL･(A,- 0 for allw avelength･ Then(LgPi(A,)min - 0 ･
In the o re m s3.I-3.4, the relatio n abo ut the X stim ulus v alu es arepro v en･ The s am e relatio n
for Y, Z stim ulu s v alu e s arepro v e ni the s a me w ay･
3.5. G E N E R A L C OLOR A N T A N D O N E D I M E N SI O N
19
T be or e 皿 S3.5 and 3.6describe the relatio n sbetw e enthe m a xim u mbo u nds fわr ide al c olor
and ge n eral c olor ants･ Theo re m3･5 is for n = 2 c olora nts c as e, a nd T he ore m3･6 is fo rthe
m athe m atic al relatio n of n (2< n) c olor ants cas e underthe ass u mptio n of the m athe rnatic al
relatio n of(n - 1) c olo rants c as e.
[T be or e m3･5】
Fo r apriori giv e n Xi(i = 1,2) u nder the c o n straint of Eq･(3･3)for p a nd iX' ･ the
follo w lng m athe m atic alrelatio nis v alid:
(pcl(A)pc2(,a) m 皿 ≦(pl(A)p2(A) m 弧 ,
Ass u m ethe relatio n of Xl < X2 I T hefollo w lngr elatio nis v alid,
Pr oof
(3.18)
(pcl(A)pc2(A) m 孤 ≦(pcl(A) , (31 9)
sin c e, pc2(A)isin [0,1] for ea ch w a vele ngth･ The rightside of Eq･(3･19)equ alsto Xl fro mthe
definition . Fr o mThe o re m3.I andu slng Xl < X2,
(pl(A)p2(A) max - Xl ･
Fr o mEqs.(3.19)(3･20), Eq･(3･18)ispro v e n･
In the s am e w ay, X2 ≦ XI Cas e C anls obepro v e n･
(3.20)
[T be ore m3.6]
For apriorigive n Xi(i - 1,2, ･ . , n) underthe c o nstraint of Eq･(3･3) for p a nd iX:, the
follo w ingrelatio nis v alid:
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(191PCi(A,)m 抗 <(191Pi(A,)m ax
Ass um ethefolo wing relatio nfor (n - 1) c olo rants･
(害pci(A) m x ≦(鴛pi(1,)m 拡
Pr o of
(3.21)
(3.22)
co n sider the c as e of min[xl,X2, ･ ･ ･ ,Xn _1]< Xn ･ In this c ase, there e xist the spe ctral
t,an smiu an ce(a)thatgiv es min[xl,X2, ･ ･ ･,Xn -1] andthe spe ctr alb
-
a n smitta n c e(b)thatgiv e s Xn
whos e r elationis anin cludedr elatio n(a)isin cluded in(b)), a ndthefわllowingrelatio nis v alid･
(賀pi(A,)m x -(glPi(A) m
n -I
By m ultiplying pen(A) to Ⅲ pci(A), the follo wing r elatio nis
deriv ed
,
sin c e pc〃(A)
i=l
[o,1] for e ach w av el ngth･
(,91PCi(A,)m 批 ≦(菖pci(A) m 訊
(3.23)
1S ln
(3.24)
By applyingEqs.(3.23)(3･2 4)to Eq･(3･22), Eq･(3･21)for n c olor antsisprov e n･
fl-I
co n siderthe c as e of X
n
≦ min[xl,X2, ･ - ,Xn -1]･ By m ultiplying
tg.pci(A) to pcn(A),
n -I
thefollo wingrelatio nisderiv ed, sin ce ∩pci(A)isin [0,1]for ea ch w a v el ngth･
J=1
(,91PCi(A,)m 弧 -(pcn(A)･
n
g
l
pci(A,)m 耽 ≦(pc”,)- X n ･ (3.2 5)
h the c as e of X
n
S min[xl,X2, - ,Xn -1],(19.pi(A,)m - Xn fr o -Theo re -3･2, a ndby applying
this relatio nto the rightside ofEq.(3.25), Eq･(3･21)is c o nsiste nt･
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Theo re m s3.7a nd3.8ar e relatedto c o mple m e ntary ofspe ctr altra ns mitta n c e･
[T be ore m3･7]
Tbefbllo w lngr elatio nis c o nsistent･
((ト pl(A)p2(A) m a x -(p2(A)ド(pI(A)p2(A) min
- x2
-(p.(A)p2(A)mi｡
((1- pc.(A)pc2(A) m a x -(pc2(A)卜(p q(A)pc2(A)min
- x2
-(pc.(i)pc2(A) m 血
(3.2 6.a)
(3.26.也)
Pro of
(p2(A)- P.(A)p2(A) m ax of the left side of Eq･(3･26･a) is equlV ale nt to
(pl(A)p2(スト p2(A) min Which istran sfor m ed asfollo w s:
(pl(A)p2(A)- P2(A) min
-(pl(A)p2(A) min -(p2(A) m a x
-(pl(A)p2(A)min -(p2(A)
-(pl(A)p2(A)min - X2 ･ (3.27)
where
(p2(A) max -(p2(A) - X2 (underthe c o n straint of Eq･(3･3)).
In the s ec o nd andthe third equ atio n ofEq.(3･27), p2(A)is the s a m ein the first and the
s econdter m. The sign ofEq.(3.2 7)is e x changed again c orre spondingto the origin alequ atio n, and
therightside ofEq.(3･26･a)ispro v en ･
Eq.(3.2 6,b)ca nbe pr o v e ni the s a m e w ay･
[Theore m3.8]
Thefbllo w lngrelatio n s are c o n siste nt･
((1 - pl(A) p2(A) min -(p2(A)ド(pl(A)p2(A) m a x
- x2
-(pl(A)p2(A)m a x
5 9
(3.28.a)
((1 - pcl(A)pc2(A) min -(pc2(A)ド(pcl(A)pc2(A) m a x
- x2
-(pc,(1)pc2(A)m a x (3.28.b)
Pr o of
(p2(Aトpl(A)p2(A) min Of the le允 side of Eq･(3･28･ a) is equ ivale nt to
(pl(A)p2(1トp2(A) max which istr an sfo r m ed asfollo w s:
(pl(A)p2(1ト p2(A) m ax
-(pl(A)p2(A)m a x -(p2(A) min
-(pl(A)p2(A) max -(p2(A)
-(pl(i)p2(A) m a x - X2 ･
(p2(A) min -(p2(A) - X2 (u nderthe c o n straintof Eq･(3･3))I
where
(3.2 9)
h 也e s e c ond a ndthe 也ird equ atio n of Eq･(3･29), β2(A)is the sa m ein the first a nd the
s ec o ndte rm･ The sign of Eq.(3.2 9)is e x cha nged again c orrespo ndingto the o rigin alequ atio n, a nd
血e dgbtside orEq.(3.2 8,a)ispro v en.
Eq.(3.2 8.b)canbepr o v eni the s a m e w ay.
Theo re m s3.9 and3.1 0 describe the relatio n sbetw ee nthe minim u mbo unds fo rideal c olor
andgen er alcolo r ants.
[The ore m3.9]
For a priorigiv e n Xi(i =1,2) underthe c o nstr aints of Eq･(3･3), the follo wing relatio nis
co n sitent.
(pl(1)p2(A)min ≦(pcl(i)pc2(A)min
Define c o mplem entarytr an smitta n c es asfollo w s:
pl
*
(A)= 1 - pl(1),
Pro of
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(3.30)
(3.3 1.a)
pcl
*
(A)- ト pc.(A)･ (3･3l･b)
Figures3･5(a)(b)sho w a n e x a mple r elatedto Eq･(3･31･b)･ So the co n straint ofEq･(3･3)is c on siste nt
for pt(A) and pct(A) thatthe c on str aint ofEq･(3･3)is c o nsistent als o
for pl
o
(A) and pcl
*
(A)
(p.
～
(A) -(pcl
＋
(A) )andthefollo wing equ atio nisderiv edfro -The or e -3･5･
(pcl
＋
(A)pc2(A)
ma x
≦(pt
8
(A)p2(A)
n､ilX
By applyingEqs･(3･3 l･ a) (3･3I･b)to Eq･(3･32),thefolowingequ
ationisderiv ed･
((1- pcl(A)pc2(A) mと､Ⅹ ≦((ト pl(i)p2(i)m ax
By ap plyingEqs･(3･26･ a) (3･2 6･b)to Eq･(3･33)Ithe follo wingrelatio n
isderiv ed･
(pc2(A)ド(pcl(A)pc2(A)min ≦(p2(A)ド(p-(A)p2(A) min
(3.32)
(3.33)
(3.34)
Fr .Ⅰムthe c on straint ofEq.(33),(pc2(A) and(p2(A) in Eq･(3･34) areboth r eplac ed by X2
andthefolow ingrelatio nis v alid･
x2
-くpcl(A)pc2(A)min ≦ X2 -(pl(A)p2(A) min
Eq.(3.35)istra n sfbm ed asfわlo w s a ndthethe or e mispro v e n･
(p.(A)p2(A)min ≦(pcl(A)pc2(A)min
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(3.3 5)
(3.36)
PC
0.5
0
0.5
40 500 600 70 0 nm
Figu re3.5(a) pc.(A).
β¢
400 50 0 600 70 D n m
Figu re3.5(b) pcl
*
(A)(c orrespo ndingto pcl(A)inFigur e3･5(a)I
[T be ore m3.loョ
For apriorigiv e n Xi(i= 1,2, ･ ･ ･ ,n; 2< n) underthe c o n straints of Eq･(3･3), thefollo wing
r elationis c on sistent.
(,gpi(1) min ≦(,epci(A) min
Assu m ethat thethe ore mis v alid for(n - 1)asfollo w s:
(Tg
l
pi(A,)min ≦(岩pci(A,)min
Pr o of
Fo rthe rightside of Eq.(3.38), there exist り(>0)s atisfidngthefollo wingr elatio n.
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(3.37)
(3.38)
(
I
,5
1
pL･(A)
min
-(
I
,9.
1
pci(A))min - ” ･
The rightside of Eq･(3･39)ca nbe w ritte n using jc.
･(A)(>0) asfollo w s:
(
I
.@.
1
pci(A,)min - 輔(pci(A)- Ei(A,) m h
Fr om Eqs.(3.39)(3･40),thefollo wingrelationis v alid･
(
'
lg
l
pL･(A,)min -(
r
,91
1
(p(J･i(A)- CL･(A)
min
(3.3 9)
(3.4 0)
(3.4 1)
co nsiderthe ca se of(n - .,x(,<蓋xi I W he n(19.pj(A) is -ini-iz ed, Eq･(3･15)is v alid,
a nd the abs orptio nbands arein the s epar ated relatio n･ By r e m oving pn(1) &o m the s
et of
pi(A)(i = 1,2, ･ ･ ･,”),(
I
,91
1
pt･(A,)
Tl11
takesthe v alu e of ∑XI -(n - 2)xo,be c au sethe r e m o v aladds
i=1
the v alu e of(X. - Xn)to the leftside ofEq･(3･15)I In this cas e,(
r
151
1
pi(1,)takesthe minim u m
v alu e&o m The ore m3.4. Figtlr eS3･6(a)(b)sho w ane x ample(n
- 3)･ As explain ed abov e, when
(鮒(A) is minimiz ed in theleftside ofEq.(3.42)follo wing, als o(害pi(A,)
&o m Eq.(3.4 1)correspo ndingto the satisfaction ofEq･(3･3)relatedto
c anbe applied asfollo w s･
(pn(A,･Tg
l
pi(A,)min ≦(pc,,(1,･
'
,g
l
(pci(1,- Ci(ln)min
T hefbllo wlngr elatio nis obvio us ･
(pcn(A,･Tg
l
(pci(A,- Ei(A)
min
≦(PCD(A,･Tg
l
pci(A,)min
Fro mEqs.(3.42)and(3･43)thetheor e mis prove n･
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is minimiz ed, a nd
(Tg
l
pt･(A)
min
, T he ore m3.9
(3.42)
(3.43)
f = 1
0.5
J= 2 E= 3
400 500 600 700 n m
Figu re3.6(a)Separatedrelatio n ofabs orptio nba nds (n - 3)･
D G O rr8 SPO nds
t() X3
i= 1
D.5
i = 2
400 5 00 600 700 nm
Figu re3.6(b)Re m o v alofthetran smitta n c e ofa c olo ra nt･
co n sider the c ase of蓋xi≦(〟 - 1)xo ･(如(A) min - 0 fr o - The ore -3･4, a nd
c o nsideringthe relatio n of 0≦(lePCi(A,)min ,thetheo re mispro v en･
3.6.RE A LIS TI C C O L O R A N T A N D O NE D I M E N SI O N
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The .r e m3.11des cribedthe r elationbetw e enthe minim um bo u nds forgen eralc olor ants and
re alistic c olora nts .
[Theo re m3.11】
G iv en Xi(i = 1,2, ･ ･ ･ ,n) u nderthe c o n straint ofEq･(3･3) for pc and iX:S, the following
in equ alityis v alid:
(lePCSi(A) m 狐 ≦(,ePCi(A,)m 拡
64
(3.4 4)
Pr o of
h the m axim u mpr oble m witho ut the c orrelatio nin Eq.(3.44)in the w av ele ngth ra nge
(cas el: pc c olo ra nts), the s olutio n is deriv ed in the s olutio n spa ce
Q -〈pcl(A),pc2(A), A . ･,pcn(A)‡l Wherei)A indic ates a set related to 1･ T he c orrelation in
Eq.(3.44)impos eslimitatio n s o nthe c andidates ofthe solution in Q . Hen c e, in the optimiz atio n
proble m withthe c o rrelatio nin the w a vele ngth range(c ase2:pcs c olor ants), the s olutio n spac eis
redu c edto Q
′
-(pcsl(A),PCS2(A), ･ ･ . ･pcsn(i)A , WhereQ
′
⊂ Q ･ Whe nthe optim u m s olut.io nfor
e asel is in cluded in Q
'
,
the m a ximized
m aximiz ed(191PCi(A,)
(191PCSi(A) for c as e2 takesthe s a m e valu e with the
fo r e as el. W henthe optim u m s olutio nfor e asel is n otin cluded in Q
'
,the
- axi-iz ed(19.pcsL･(1,)fo r cas e2takes a s m aller v alu ethanthe - a xi mized(19.pcL･(A,)for cas e
1.
Tbethe ore mispr o v e n.
T be or e m3.12 de scribethe relatio nbetw een the m axim u mbo u nd fわr gen eralc olor ants a nd
re alistic colora nts .
[T he o re m3.12]
For apriorigiv e n Xi(i = 1,2, - ,n) underthe co n straints of Eq･(3･3)fo riX, a nd iX'S, the
folo w ingIn equ alityis c o n sistent･
(,91PCi(A,)min相pcsi(A,)min
Follow ingthe s a m eloglC aST he ore m3･11, the minim u m v alu e of
Pro of
equ alor alargervalu etba n也 e minim u m v alu e of(L91PCi(A) I
(,91PCSi(A,)
Fro mTheo re m s3.6,3.10,3.11and 3･12thefbllo wlngrelatio n s areput togetber･
(,91PCSE･(A,)m a xi(19IPCi(i,)m a x≦(,91PL･(A) m a x ,
6 5
(3.45)
attalnS an
(3.4 6)
(191Pi(A,)min ≦(l*lPCi(A,)min ≦(191PCSL･(A) min
(19.pi(A,)m a x -(191Pi(1,)min
(3.47)
(- D ist)in The or e m s3･13and 3･14 is the distan c ebetw ee n
the absolute minim u mbo und a ndthe abs olute m a xim u mbo u ndin Eqs･(3･46)a
nd(3･47), and is us ed
asthe n or m aliz atio npara m eterin thefollo w lng n um eric al illu str atio n s･ The or e m s
3･13and 3･14 are
relatedto min- m a xlength foride alc olo r･
[The or e m3･13]
〝
under the c o nstraint of ∑Xi - C O n St, Dist atain s the maxim u m v alu e w
he n
i=1
Xl = X2 =
･ ･ ･ = X
n
･
Pr o of
Under 血e co n straint,
(191Pi(1,)m 拡
(191Pz･(A,)min in Dist is fix ed fr o m T he or em 3.4, a nd
= min[xl,X2 - ,Xn]in Dist takesthe m a xim u m v
alu e whe n Xl = X2 =
- ･ = X
,,
I
The 也e ore m lSpr O Ve n･
[T be or e m3･14]
〝
If (n - 1)xo <∑Xi
i=1
Dist do es n ot depend o n min[Xl,X, ･ ･ ･ ,Xn] ･ a nd if
〟
∑xi ≦(n - 1)xo , Dist depends o nly o n min[Xl,X2
-
,Xn]I
i=1
Pro of
From The ore m s3.2 and 3.4,the follo w ingequ ations arederiv ed･
Dist -(lBpi(A,):(,91Pi(A,)min - min[Xl,X2 - ,XD,-〈lilXi - (n l l,Xo)
〝
= - ∑ xi 十(n - 1)xo,
L
l
=1
(i*i
'
)
n
if(n - 1)xo < ∑Xi ,
J=l
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(3.48.a)
D ist -(191Pi(i,)m a∴(191Pi(A,)mi - min[X･い X2 ･ ･ ･ ,Xn,, if li.xi≦(n - 1,xo, (3･4 8･b,
wherei
*
indicatesthe inde xfo rthe minim u rnXi ･ In Eq･(3･48･a), XL･ ･ te r mis n otin cluded
n
a ndthethe ore mispr o v e nfor(n - 1)xo < ∑Xi C as e.
f=l
β
T hefor m ofEq･(3･4 8･b)pr o v esthethe ore mfor ∑Xi ≦(n - I)xo c ase･
i=1
3.7. ID E A L C O L O R, GEN E R A L C O L O R, R E A L C O L O R A NDT HREE DI M E N SION S
21
T he the ore m sprovided andpro v en are c ategorized into in cluded r elatio n a nd sepa r ated
relation, m a xim umbo unds and minim u mbo u nds.
Thefollo w ingthr e e-dim e nsio n al dis cu ssio ns ar ep rfo r m edin the v ector spac eV,. ･
T he differen cebetw e e nthe o n e-dim e nsio n alandthethr ee-dim e n sio n al dis c ussio nsisthat there exist
bothindepe nde ntand dependentr elatio nsinthethre e-dim en sion al dis c ussio ns･ Co n血tio n s r elatedto
c(A) on the s a m eh∈ H c orr espo nding to depe nden ce o nthe sa m e v ector are dis cu ssed fo r
in cluded relatio n or s epa rated r elatio n. So c o effic ents C(h) o ndiffere nt h∈ H areindepe nde nt
ea ch otherthat thes e c o efrlCie nts deriv e n o co ndito n sin cludinginterrelatio n s. In the follow ing
the ore m s, c onditions pos ed o n s c alar v alu esin the o n e-dim en sio n al disc ussio n s are repla cedby
c o nditio n spos edo n c o effic ents C(h) onthe v e cto rsin V, ･
In cluded relatio n and sepa rated relatio n ar e c or ef am e w orks ofthe thr ee-dim en sio n al
disc u ssio nsin the s a m e w ay sin cluded relatio n and s epa rated relatio nin the o n e-dim en sion al
dis cu ssio n s･ On e difrlCulty with tristim ulu s optlmiz ation sis that thre equ antities c annot be
optimized at o n c e. In thispaper,the m ultiplicity pr oble mis gotten o utofbythe ass u mptio n sthatthe
s a m eprodu ct spectru m willachie v e an extre mu m in allthre e co ordin ates･ The s a m e spectrum
co nditio nis gu ar ante edifthe c olo ra nts have an in cluded relation o r a s epar ated relatio nin the
follo w ingthe o re m s･
M athe m atic al indu ctio nis e mployed c as eby cas ein orderto m ake the pr o ofs intellig ble･
The ore m3.1 5 is fo r n- 2 c olor ants c ase, a nd the or e m3.16 isforthe m athe m aticalr elatio n of
n >2 c olo ra nts c as e underthe ass u mption ofthe m athe m atic alr elatio n of(n
- 1) c olorants c ase.
T he orems 3.15and 3･1 6arepreparatio n sforTheore m s3･1 9and 3･20･ T heo re m s3･15a nd 31 6 are
r elatedtoin cludedrelatio ninthetristim ulusdim ensio ns.
[Tbe ore m3.15]
For apriorigive n(Xl,ち,Z.) and(X2,Y2,Z2) s atisfyingthefollo wingrelation s,
67
(xz･ ,ち,Z′)-ゑci(h)vf･(h)(ヨCi(h), i - 1,2), (
3.4 9)
if Cl(h) ” 2(h) (∀h∈ H) or C2(
h)≦Cl(h) (∀h∈ H) which arein cluded relatio n sin the
v e ctor spa cev, , then a nin c
luded relatio ne xists fo r(Xl,耳,Zl) and(X2,Y2,Z2)in the o rigin al
SpaC e･
Pro of
underthe ass umption that the s a mplinginte rv alis sufrlCie ntlys m a
l
･
c o efrlCie nts su m m ed up
o nthe wa v elengths l
･
(h) (∀h∈ H) oftheindependent v e ctorsc anbe expandedinto c o efrlCie nts
of ide alc olorin the o nginalspac e which c orr espo ndsto expa n sio n sfro m
the shru nken spa c etothe
ongln alspace･ In cludedrelatio nin the v ector spac eis pr
eserv edin the o rlg n alspac e, be c au s ethe
m axim u m c .rr m .n v alues ofc o efrlCie nts Ci,(h) (ai
′
,
∀h∈ H) o nthe sa m eゐ v alue r elatedto i
ge n eratethe s am epads of ide al
c olor p(A)in the origin alspac ein which S(i) w eightis po s ed
on ea ch A, and Ci(h)- Ci′(h)(i *i
′
,
∀h∈ H) gen er ate m argin al parts of ide al c olorin the
o ngin alspac e･
Illustratio ns relatedto the or e m s ar ein cluded in the n e xtchapter･ Relatedto The o re m3
･15
･
a n
e x ample of in cludedrelaio n and an ex a mple ofn o n
- e xistenc e of in cluded relatio n arepr o vided in
Illu strationsl and 5 in Num eric al illu stration r elatedto Sec･3･7 in C hapter4, respectiv ely･
[T he or e m3･16]
Fo r apriorigiv en(Xi,ち,Zi)(iE In, 2 < ”) s atisfyingthefollo wingrelatio n s,
(xi,ち,Zi)-
h;ci(h)vr(h)(j Ci(h), i∈ In), (3.5 0)
inadditi｡n t｡ the assu mptio n of Ci
･(h)≦Ci(h)(∃i
♯
∈ I
n
-1, ∀i∈ In -1, ∀h∈ H) which c orrespo nds
to an in cluded relatio n for (n - 1) c olorants, if Ci*(h)≦Cn(h) (∀h∈ H)
or
c
n
(h)≦Ci事(h)(∀h∈ H), anin cludedrelatio n existsfo r(Xi,Y
･
,Zi)(i∈ In)inthe o rigin alspa c e･
Pro of
c
i
･(h)≦Ci(h) (ヨi
*
∈ I
n
_., ∀i∈ In _I, ∀h∈ H) fro m the as su mptio n, a nd if
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c
L
･
･(h)≦C
n
(h) (∀h∈ H) , the n Ci･(h)≦Ci(h) (∀i∈ In , ∀h∈ H)(case l)･ An d if
c
n
(h)s ci･(h)(∀h∈ H), then Cn(h)≦Ci(h)(∀i∈ 1,” ∀h∈ H)(c ase2)I In c ase1,(Xi”Y･･ ,ZE･･)
is in cluded in (Xi,ち,Zi)(i∈I,” i * i
*
), a nd in c ase2, (X n Jn ,Zn) is included in
(xi,Y･ ,ZL･)(i∈I′卜1)･
A Is o for ntristim ulus v alu es, in cluded relatio nis c o n siste nt in the v e cto r spac e uslng
m athe m atic alindu ctio n. In cluded relatio nis pl
･
e S e rv ed in the orlgm al spacein the s a m e w ay s
T he ore m3.15.
Relatedto The ore m3.16
,
a n e x a mple ofin cluded relatio n lSPr o vided in tllu str atio n2･
Tbe orelⅥ3.17 is fbr 〃= 2 c olor ants c ase, a nd the ore m3.18 is fわr the m athe m atic al
relatio n of n >2 c olora nts c as e u nderthe ass u mptio n ofthe m athe m atic al relation of(n - I)
colora nts c ase. T he or e m s3.17and 3.1 8ar epreparatio nsfわrT he or e m s3･2land3･22･ Theorem s3･1 7
and3.I8are r elatedto sepa ratedrelatio nin thetristim ulu sdim en sion s･
[T he ore m3.17]
For apriorigiv e n(Xl,Yl,Z.) a nd(X2,Y2,Z2) s atisfyingthefollo wingrelations,
(xl, W i)-孟ci(h)vr･(h)(ヨCL･(h), i - 1,2),
if Co(h)< Cl(h)＋C2(h)(∀h∈ H), a sepa ratedrelatio n existsin the origin alspac e･
(3.5 1)
Pro of
ln o rderto m akethefollo wing e xpla n atio n cle ar, c o n siderthe c as e s atifyingthe assu mptio n
of Co(h)- Cl(h)＋ C2(h) (∀h∈ H) ･ Under the ass u mptio n, ifther e e xists A
′
s atisfying
p.(1
′
)- 0 and p2(A
′
)- 0 then ther e e xists h
*
s atisfying Cl(h
*
)＋ C2(h
*
)< Co(h
*)(c o ntradict
withthe assu mptio n). Be ca u s e o nthe sa m eA
′
, pl(Å
′
), P2(A
′
) a nd po(1
′
) arein cluded in the
c . efrlCie nts ｡f Cl(h
*), C2(h
*) a nd C.(h
*
) o nthe s am e v ector T;,(h
*)(]h
*
), respe ctiv ely, a nd
pl(A
′
)- 0, p2(A
′)- 0 a nd po(1
′
)- 1 res ultinthe relatio n of Cl(h
*
)＋ C2(h
*)< Co(h
*)･ He n ce,
the relatio n s of pl(A)u p2(A)- p｡(A)- 1(pl(A)≠P2(A), ∀A) which c orrespo nds to c o mpletely
負llup allthe w av ele ngth ra nge witho uto v erlapplngSbo nld be co n siste ntin ぬe ongln alspa ce･
starting &o m the relatio ns of Co(h)- Cl(h)＋ C2(h)(V he H) c orrespo nding to the le ast
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s epar atio n, if Co(h)' Cl(h)＋C2(h)(∀h∈ H), pl(A)
- 1 parts o rp2(i)= l parts arein cre ased
andslatesfor s eparatio n s arein creas ed･
As a c o n clu sio n, if Co(h)< Cl(h)＋C2(h)(∀h∈ H), a s eparated relatio n e xists in the
o ngln alspace･
Relatedto The or e m3.17, an e x a mple ofsepa r atedrelatio n and an e x a mple ofn o n- e xisten ce
ofs eparatedrelatio n arepro videdin m u sir atio n s3 and 6, r e spectiv ely･
[The ore m3.18】
For(Xi,耳,Z,･)(i∈ In, 2< n) s atisfying the apriori c o ndito n s of Eq･(3･3), and c a nbe
repres e ntedasfわllo w s:
(xi,ち,Zi)-望ci(h)v,.(h)(∃Ci(h), i∈ In),
h=1
if(n - 1)co(h)'豊ci(h) (∀h∈ H), a s epa ratedrelatio n existsin the origin alspac e･
i=1
Pr o of
(3.52)
T he relatio n of C
a(h)≦ Co(h)(∀h∈ H)is obvio u s･
T he ass umptio n ｡fthethe o rern(n - 1)c.(h)'圭ci(h)(∀h｡ H)is c onvertedasfollo w s:
i=1
(n - 2)c.(h)'‡c.(h)- Cn(h) <
n
f
l
c
,
･(A)(∀h∈ H)･
i=1
(3.53)
Fr o mEq.(3.5 3) andthe relatio n of Cn(h)≦Co(h)(∀h∈ H),thefollo wingr elatio n c anbe deriv ed･
(n - 2)c.(h)'
n
fcl(h)(∀h∈ H).
i=1
(3.54)
Fro mEq.(3.54) andthe c o nditio n of the m athe m atical indu ctio nfo r(n - 1) c olor ants, a s epa r ated
relatio nexistsfor(” - 1) c olo rants.
T be assu mption ofthe 也e o re m,
(n - 1)c.(h)'豊ci(h)(∀h∈ H),
f=1
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(3.55)
is c o n v ertdasfollows:
(o<) c(,h,- Cn(h,< Co(h,i
r
L!.
1
(co(h,- Ct･(h,)](∀he H,･ (3.5 6)
The se c o ndter min the right side ofEq.(3.56)c orrespo nds to the su m m atio n of absorptionba nds
fro m 1-thto (n - 1)-th c olor ants, a ndthe s ubtr actio n ofthe su m m atio nfro mthefirst te r m Co(h)
in the rightside of Eq.(3.56)c orrespo nds to thatre sidu alspa cesfor abs orptio nbands c a nbe kept･
T heleftside o.fEq.(3.56)c orrespo ndstothe abs orptio nband of n -th colora nt. Thein equ ality sho w s
that the abs orptio nbands of n -th colorantc a nbeputinto the r esidu alspac e･
Co n sideringthat the abs oTPtlOn band of n -th c olo rantis s epar ated丑
･
o mthe s etofabs orptio n
bands of(n - 1) color ants, a nd asdescribed atthehe ad ofthe pro of, absorptio nba nds of(n - 1)
colora nts are separ ated inthe set,sepa rated relatio nis c o n siste ntfor n c olora nts･
Sepa rated relatio nis pres e rv edin the o rlg n al space･ Bec au se m argin al spa cesbetw e e n
abs orptio nbandsin the v ector spac･e ge n er ate c orr espo nding m arginalspac esin the orlg n alspac e･
Where m argin alspa ce s arein serted spac esbetw e en abs orptio nbands preve nting to o v erlap e ach
other.
Relatedto The or e m3.1 8, a n e x a mple ofs epa r atedrelation lSProvided in m u straLio n4･
The ore m3.19 is fo r n= 2 c olo r ants c ase, a nd the ore m3.20 is forthe m athe m atic al
relatio n of n > 2 colora nts c ase u nderthe assu mptio n ofthe m athe m atic al relatio n of(” - 1)
c olora nts c as e. The ore m s3.19 and 3.20 deriv ed the m axim u mbo u nd fb∫ide al c olo rin the
tristim ulu s v ector spac e.
[Tbe or e m3.19]
Both(X.,Y.,Zl) and(X2,Y2,Z2)s atisfy the aprioricondito n s of Eq･(3･3), a nd c anbe
repres ented asfわllo w s:
(xi,ち,Zi)-望ci(h)v,.(h) (ヨCi(h), i - I,2),
h=1
and if Cl(h)≦C2(h)(∀h∈ H) or c2(h)≦Cl(h) (∀h∈ H),
(3.57)
thefolo w ing m athe m atic alrelatio n s are v alidfor n c olorants･ Each equ atio n c orresponds to the
one-dim e n sio n aloptl miz atio ndes cd bed in thepre vio u s s e ctio n･
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(pl(A)p2(A)i,m 鑑 - min[Xl,X2],
(pl(A)p2(1),- ,m 批 - min[W2]
'
(pl(A)p2(A)i,m aR - min[Zl,Z2]
I
(3.58)
Pro of
co nsiderthe c as e of Cl(h)ic2(h)(∀h∈ H)･ Fro mThe ore m3･1 5,(Xl,Y.,Z-)isin cluded
in (X2,Y2,Z2). As waspro v e nin o urpre viou spaper,in cluded relatio n sderiv e e ach equ atio n of
Eq.(3.58)in the one-dim e nsio n aldis cu ssio n･ Underthe In cluded relatio nin whichthe s a me spectral
tra n smitta n c eis shar ed for e ach axis s atis軸ng the v ector c o nditio n s of (Xい耳,Zl) a nd
(x2,Y2,Z2) of Eq･(3･3), e a ch equ atio n of Eq.(3･58)c orrespo nds to the o n e-dim e n sio n al dis c us sio n,
a ndthe 也e orem lSpro v en.
Forthe c as e of C2(h)≦C.(h)(∀h∈ H),the s a m epro ofis deriv ed･
A n umeric ale x a mple forT heo re m3･1 9 isin cluded in m ustratio nl･
[The ore m3.20】
As su m e也efbllo w lng C O nditio n s･
1)(Xi,ち,Zi)(i∈In, 2< n) s atisfy the aprioriconditio n s of Eq･(3･3), a nd ca nbe repr es ented as
fわllo w s:
(x”ぢ,Zi)- 望ci(h)v,(h)(∃Ci(h), ∀i∈ In)I
h=1
2)For(n - 1) c olora nts,thefolowingrelatio n s are c o n sistent･
(,91Pi(A,)y,m a x
= min[Xl,X2 ･ ･ ･,XnJ - Xn
*
_1,
- min[石,Y2 - ,Yn -1]- Yn
*
-,,
= min[z.,z2 ･ ･ ･ , ZnJ = Zn
*
_1 .
3)Ci･(h)≦Ci(h) (]i
*
∈ I
n
_., ∀i∈ In , ∀h∈ H) or
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(3.59)
(3.6 0)
ci(h)≦ CE･(h) (ヨi
*
∈ J
n
_i, ∀i∈ 1, ” ∀h∈ H)I
Thefollo w lng m athe m atic alrelations are v alid fo r n color a nts. Ea ch equ atio n co rr espo ndsto
the o n e-dim e nsio n aloptimiz atio nin Se ctiol13.4.
= min[Xl,X2 ･ ･ ･ ,Xn],
= min[吊,Y2 ･ - ,Yn],
= min[Zl,Z2 ･ ･ ･ ,Zn].
(3.61)
Pro of
By u singthe n otatio n of pl(i)p2(A) - ･ pn _I(A)= pn
*
_1(A), andthe asu mptio n2)ofthis
the ore mfo r(n - I) c olor ants,thefollo wingrelatio nisderiv ed:
x
n
*
-1
-(pH* -1(A) m a x - min[xい X2, - ,Xn -1],
y
n
*
-I
-(pn* -I(A) ,- , m 拡 - min[Yl,Y2, ･ ･ ･ ,Y, -1],
z
n
*
-1
-(pn* -.(A) f,m a x - min[z” Z2, I - ,Z′-1]･
Ba sedo nEq.(3.62),the assu mptio n3)andthe or e m3･19,thefわllo wingrelatio nisderiv ed･
(3.6 2)
(91Pi(A,)軸 -(pH* -1(A,pE ”)r,m 弧 - min[xn
*
-1,Xn]- mi[xl,X2, - ,Xn],
-(pn
*
-.(A)pn(i) 加 配
- min[Y:-.,Yn]- min[Yl,Y2, - ,YH], (3･63)
(t91Pi(A)言, 孤 -(pn* -1(A)pn(A)言,m a x - min[zn
*
-1,Zn]- min[zl,Z2, ･ ･ ･,Zn]･
Thethe ore mispro v en･
A n u m eric ale x a mple fo rTheore m3･2 0 isin cluded in Illu stratio n2･
T heo re m3.21 is for n= 2 c olor ants c ase, a nd the ore m3.22 is forthe m athe m atic al
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relation of n >2 c olorants c as e underthe ass u mption of the m athe m atic al relatio
n of(n - I)
c olo rants cas e. T he or e m s3.21and 3･22deriv edthe minim um bo u nd foride alc olorinthetris
tim ulu s
v ector spaC e･
[Tbe ore m3･21】
Both(Xl,ち,Zl) and(X2,Y2,Z2) s atisfythe aprio ri c o nditio ns of Eq･(3･3), a
nd c a nbe
repres e nted asfollo ws:
(xi,ち,Zi)- 望ci(h)v,(h)(∃Ci(h), i- 1,2)A
h=1
(3.64)
If Co(h)< Cl(h)＋C2(h)(∀h∈ H), thefollo wing m
athe m atic alrelatio n s are v alid fortw o
c olora nts .
(pl(A)p2(1)i,min - Xl' X2 - Xo ,
(pl(A)p2(A) 紳 in - Yl' Y2
- Yo ,
(pl(A)p2(A)ち,min - Zl ＋ Z2 - Zo ･
EIseif Cl(h)＋C2(h)≦Co(h)(∀h∈ H),
(pl(A)p2(A)i,min -(pl(A)p2(1) 紳 in -(pl(A)p2(1)
= 0.
Z
,
m ln
(3.65)
(3.66)
Pro of
underthe ass umptio n of Co(h)< Cl(h)＋ C2(h)(∀h∈ H), there e xists a s epa rated relatio n
&o m Theore m3.1 7･ As w aspro venin thepre vio u s s ectio n, separ atedrelatio n sderiv e each equ atio n
of Eq.(3.65)inthe on edim en sio nal dis cu ssio n･ Underthe sepa rated relatio nin which the s a m e
spectraltr an smittan ceis shared for e ach a xis s atisfying the v e ctor co nditio n s of(Xl,ち,Zl) and
(x2,Y2,Z2) of Eq･(3･3), ea ch equ atio n of Eq･(3･65)c orre spondsto the o n e
-dim e nsio n al discu ssio n･
a ndEq.(3.65)ispr ov en･
EIs eif Cl(h)＋C2(h)≦Co(h)(∀h∈ H), the n pl(A)p2(1)- 0(∀A)in the s a m e w ay with
The ore m3.17starting fio m the relatio n of C.(h)＋ C2(h)= C.(h) (∀h∈ H), and Eq･(3･66)is
pr O V e n･
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A n u m eric ale x a mplefo rT he ore m3.21isin cludedin m u stratio n3.
[The ore m3･22]
For apriorigiv e n(Xi,耳,ZL･)(i∈ /,” 2< n), satisfa ction s of the folo wing relatio n s are
as u m ed.
(xi,Y･,Zi)- 望ci(h)v,(h) (∃C,.(h),i∈ In).
h=1
(3.67)
･f (” - .,co(h'<蓋cL･(h, (∀h∈ H, ･ then(t91Pl(A,)i,min , a nd
(,91PL･(A)
_
''
, m ln
ar e r epres ented asfわllo w s:
(,epL･(A,)=,min -蓋xL･ -'n - 1'xo,
(畠pt･(A,)細in -蓋E･ -(n - 1'Yo ,
(,91Pi(A)言,min -蓋zi - 'n - 1'zo ･
乃
EIseif ∑Ci(h)≦(n - 1)co(h)(∀h∈ H),the n
z
-
=1
(L9.pi(A)i,min -(lePL･(A)p,min -(191Pi(A,)=,min - 0 ･
(3.68)
(3.69)
Pro of
underthe ass u mptio nthat pl･(A)(i∈In) satisfythe aprioric ondit o nsgiv en,the folowing
disc u ssio npr o ce eds･
As e xplain ed in The ore m3.18, the ass umptio n of (n
- 1)c.(h)<呈ci(h) (∀h∈ H)
i=1
c o rr e spo nds to the ca se wher ethere exists pl(A),P2(A),
･ ･ ･
,PD(A) whose abs orption bands are
separ ated in pl(1)p2(A)
･ ･ ･P,,(1) for giv en v alu es of
J., Ji (J - X or J - Y or J = Z, i∈ In) ･ Fo r the s a m epl(A),p2(A),
-
,Pn(A) , the
n
-I
absorptio nba ndsbetw ee np,z(A) a nd ∩pi(A) ar e als o s eparatedthatu nderthe asu mptio nthere
E
'
=l
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〃
-1
e xist pn(A) and ”pi(A) whos e abs olptio nb ands are s eparated･
i=1
Assum ethatEq.(3･68)is v alidfor(n - 1) colo rants,the follo wing equ atio n s ared r
iv ed･
where
TZ
-1
= = Ji -(n - 2)J.,
i=1
T = X
, y, I C O rr e SPO ndto J - X, Y, Z , r e spectiv ely･
The minimiz atio n of(,91Pi(A) r,m ln
(3.70)
J 卜I
is attain ed when pn(A) is s eparated fr o m npi(A)
f=l
(s epa rated relatio n ofabsorptio nbands)I The separatio nis assu red fr o mthe ass u mptio n･ On th
e
separ atio n, the r elation of
-(abs orptio nby pn)〕-(,epL･(A,)∫,min is v alid. And
the subtra ctio n Jo -(abs orptio nby pn(A))c orr espo nds to Jn s othatthe follo wing equ atio nis
deriv ed using Eq.(3.7 0):
･n - 1)Jo - Jo ･〔害Ji -(7gl
l
pi(A)
I,min〕
-(Jo -(abs o rptio nb- ”(A)棉 -(?3pi(1,)I,min -(absorptio nbu n(A)〕(3･7.)
-
.i.Ji -(l*1Pi(A)r, 也
In Eq.(3.71), an additio n andthe c orr espo nding subtra ctio n of the (abs orptio nby pn(i) ter m s
who se s um m atio n equ als to O･O ar eincluded in the se c o nd equ atio nfro mthe defo r matio n ofthe
firstequ atio n andthefinal fo rm of Eq.(3･6 8)isderiv ed&o m Eq･(3･7 1)･ Equ atio n(3･68)is pr o v e n･
F.rthe a ss umptio n of 圭ci(h)≦(n - 1)c.(h) (∀h∈ H), theredo n ot e xist sepa r ated
i=1
r elations s atisfyingEq.(3.3), and pi(1)= 0(i∈ID)for atle ast o n ei o n ea ch w av el ngth implies
Eq.(3.69)I
A n um eric alex a mpleforThe o re m3.2 2isin cludedin m ustr alio n4･
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[T be or e m3･23]
Ifthe existence of in cluded relatio n(T he ore m3.16)is s atisfied, thefollowing relation s ar e
c on siste nt.
(L91PCSE(1,)i
,
ma x
≦(EBpci(A,)f, m a x蛋(i91Pi(A) i,m a x,
(,epcsL･(A,)如 ax ≦(,91PCi(A,)y,m ax 蛋(191Pi(A) 如 ax ,
(L91PCSi(A)f,m ax≦(i@1PCt･(1)f.m a x≦(,91Pl(A)f. max
(3.7 2)
Pro of
ln the follo wing equ atio n, the ter m s@@ ar e o n e-dim e n sio n al fra m e w ork o n X -a xis, a nd
theter m s①②⑤ arethre e-dim e nsio n al fr a m e w ork.
(t9.pcsj(A))雷, m x≦(191PCi(A,)i,max ≦(191PC"A,)m ax ≦(191Pi(A) m 弧 -(,91Pi(i)i,m a x (3.,3,
① ② ③ ④ ⑤
The ,elati. nbetw e en@ and @is co n siste ntbe c au se ofthe as su mptio n. T he relation betw e en@
a nd @ is c. n sistent bec a us e of T he or e m3.6. The relatio n betw e en@ and @ is co n siste nt
be ca u se c o n straints a.m Y and Z ax es ar eposed o n ② which are n ot po sed o n ③･ The
relatio nbetw e en① and ② is c o n siste ntbec au se c orr elation s ofs m o oth spe ctraltr an s mitta n c es
ar epos ed o n ① which aren otpos ed o n ②･ T he relatio nbetw een①② and ⑤ pr o v esthe first
equ atio n ofEq･(3･72)･
h the s a m e w ay,the s ec o nd andthethirdequ atio n s of Eq･(3･72)arepro ven･
[Tbeore m3.24]
Ifthe e xisten ce ofs eparatedrelatio n(Theore m3I18)is s atisfied,the follo wing relatio n s are
consiste nt.
(,9.pi(A,)i
,
min
蛋(,91PCi(A,)i,m in≦(,9.pcsi(A,)i, min ,
(191Pi(A))Win ≦(19.pcE･(A,).v,min ≦(自pcsi(A))y,mi｡ ,
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(3.74)
(E91Pi(A,)i,min i(,91PCi(A,)i,min ≦(glPCSi(A) 言,min
Pr o of
Thethe o re m lSPro venin the s a m e way asT he ore m3･23
･
3.8.C O N SII)E R A T I O N R E L AT E D T O T H EO P TI M A L C O LO R T H E O R Y
1
Bec au s e ofthe upperbo und of Ilo fo r spe ctr altr an smittan ce s,th
ere e xists theli mitatio n of
y for e a ch chr o m aticity co ordin ate point･ Schr6dingerhaspro v enthe optim al c olor
theo ry ln
whicha nide alc olor(witho utc o n straints ofthe fo ur c olorty pes)for agiv e n c
hr o m aticity c o o rdin ate
pr ovidesthe m axim um Y v alu e･ T heSchr6dingerd
is c us sio nis equiv alent to the Ma cAda mli mit
in whichthere e xists the attain able pu rityfor Y = c o n st･ In the M acAdam limit, c olor c o o
rdin ates
ofal c olo rty pes arein cludedin side ofthe tra ce oftheide al c olor(witho ut
c o n str aints ofthe fo ur
c olo rtypes)o n aY = co n st se ctio n･
h th is s e ction, itis pro v enthatthe dis c ussio n sin Se ctio n3･7 aregen er aliz atio ns of
the
opti m al c olortheo ryinto subtr activ e col r mixtu re･ T he
opti m al c olorthe ory lS equ ” alent to
the
M acA dam h mit, andthe dis cu ssion spro c e edin the 舟am e w ork ofthelimit･ T he disc us sio nsin
the
fieldofsubtra ctive c olormiⅩtu re aregreatlydiffer entfrom the e xistlngdis cu ssions･
co n siderc as esthatT he o re m s3.23and 3･24are v alid･ Bas ed o nThe ore m s3･23a nd 3･24, the
follo w ingrelatio n s withotlt m ax, minindice sin pc ter ms are als o c o n sis
tent･
(z91PCt(A,)芳 ≦(l*lPi(A,)i,m n ,
(191PCi(A,)戸≦(91Pi(A)ラ, 皿 Ⅹ ,
(畠pci(A) 首 ≦(l*1Pi(A) 細 ,
(畠pi(A,)i,min ≦(191PCi(A) 万 ,
(91Pi(1,)ラ,min ≦(91PCi(A,)ァ,
(191Pi(1,)i,min ≦-(191PCl(1) 君 ･
(3.75.a)
(3.75.也)
(3.75.c)
(3.7 5.d)
(3.75.e)
(3.7 5.f)
Thefollowlngr eplac e m e nts areperfo rm edfordis c u ssio n s relatedto the opti m alc olo rthe o
ry･
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〝p
'
(A)= nPi(A),
i=1
JJ
pc
′
(A)= npci(A)I
i=l
(3.76.a)
(3.76.b)
D ivide(X, Z)spa ceinto fou r r egio ns atthe c o ordin ate of((pc
'
(A)芳 ,(pc
'
(A)言)as sho wnin
Figu re3･7, a ndc on sider e ach offo ur c as es･
lV
Figu re3.7 D iv ded fo u r regio n sin (X, Z) spac e･
地 由旦上
Thefolo wingrelation s are c o nsiste nt丘o mEqs･(3･75･a)and(3･75･ c)I
(pc
'
(A)i ≦(p
'
(A)g,m a x, (
3･771a)
(pc
'
(A)f ≦(p
'
(A)f
,
m 弧
(3･77･b)
As a c as e ofEq.(3.7 5.b), c o nsiderthe cas e satifyingthefolo wingr elation which c o rrespondstothe
dis c ussio n of Y= c o n st (Figu re3.8)inthe M acAda mlimit･
(pc
'
(A)ダ
ニ(p
'
(A)ァ
･
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(3.78)
Y＋
/
ド
Figur e3.8 D ivdedfo u r regio n s on Y = Y
*
(- c o n st)pla n e･
Tbe s et ofEqs(3.7 7.a),(3.77.b)a nd(3.7 8二)co 汀 eSpOnds to the′M a cA da mlimit, be ca u se as
e xplain ed in Figu re3･9 and Figure3･10, the relatio n ofthe in side relatedto the o utlin edraw nby
p
J
te rm s ISPres e rv ed in the xy chro m aticitydiagr a m･
I. 0
Ma ppin g
I. 0 1, 0
Figu re3.9 Dividedfo u r regio n s m aPPedo n xy -plan et
80
.
qr
Figur e3.10M appedfo u r r eglO n S O nthe xy chr o m atlCltydiagra m･
地
Thefollowingrelatio n s ar e c o nsiste ntfro mEqs･(3･75･d) and(3･75･f)･
(p
'
(A)g, min 蛋(pc
'
(A)g , (3･79･ a)
(p
'
(A)君,mix,
≦(pc
'
(A)冨 ･ (3･79･b)
As a c ase of Eq.(3.75. e), c o n siderthe c as e s atifying the follo wing r elatio n which
c orrespo ndstothedisc u ssion of Y= c o n s tin the M acA da mli mit･
(pc
'
(1)
,
-
-(p
'
(1)y ･ (
3･80)
The s et ofEqs(3.7 9.a),(3.79.b)and(3･80)c orrespo ndsto the M a cAda mli mit nthe s a m e w ay asthe
c as e ofreglO nlexplain edu slngFigur es3･9 and 3･10･
地 旦
In r egio nIll,thefollo wingrelatio n s arec o n site ntfr o mEqs･(3･75･a) and(3･75･f).
Inthis cas e,the m axim um for X -a x is, a ndthe minim u mfor Z
- a xis asfollo w s:
(pc
'
(A)君 ≦(p
'
(A)i,m a x,
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(3.81.a)
(p
'
(A)i,min
≦(pc
'
(A)言 ･ (
3･81･b)
As a cas e of Eq.(3.75･b) or(3･7 5･ e), c o n siderthe cas e s atisfying the follo wing r elatio n which
c orrespo ndsto thedisc u ssio n of Y I c o n st inthe M acA da mli mit･
(pc
'
(A)戸
-(p
'
(A)ァ .
The s etof Eqs(3.81.a),(3.8l.b) and(3･82)co rr espondstothe Ma cAda mli mit･
Cas e ofregio nIV
也 reglO nIVthefbllo w mgrelatio n s are c o n siste nt･
(3.82)
(p
'
(1)i,min ≦(pc
'
(A)育 , (
3･83･a)
(pc
'
(A)君 '-(p
'
(A)i, m
(3183･b)
As a c as e ofEq.(3.75.b) or(3.75.e), c o n siderthe c as e s atisfying the follo wing relatio n which
corr espondstothedisc ussio n of Y= c onst in the M a cAda mli mit･
(pc
'
(A)
ァ
-(p
'
(i)ァ ･
The set ofEqs(3.83.a),(3.83.b) 皿 d(3.84)correspo ndstothe M acA da mli 血t･
(3.84)
For all fo u r cas es, c o n site n cy withthe M acA dam 1imithasbe e npro v en･ The dis cu ssio n sfor
pc(1)ar e also v alid for pcs(A) in the sa m e w ay･
3.9.C E N TROID F O R ID E A I+ C O L O R I N O N E A ND T‡‡RE EDI M E N SI O N S
22
Tbe ore m3.25 is 血e sta rting m odel fわr T heore 皿3･2 6which is the orlg n Ofthe c e ntr oid
fo r m ulas. In dis cu ssion s ofthe c entroid, utilizatio n of a pr obabilty de n sity Pr,(X)is ess e ntial･
Bec a us e
,
the c entroid of X para m eteris c alculated using the equ atio n of ∑Pr.(x)･ X , tho ugh
explicitpr obabiltyden sity m odelingis diffic ulten u m erating allpotentialc as es･
82
under u nkn o w nPr.(X), T he ore m3.25 is pro v en u sing a s ym etric al relatio nbetw e e n
pr obabilityden sity fun ctio n sin a min - m a xr ange whichis c alculated u sing The o re m s1 thr o ugh 4･
The s ym etricalrelatio nderiv e sthe ce ntroid inthe min- m a x r a nge witho utexplicitform of Pr.(X)
inT he or e m3.25.
[The or e m3･2 5]
p.(A) of Xl -(p-(A) and the co rrespo nding ト pl(A) ar eboth co n sidered･ The
ce ntr oid of(p(A)p2(1) c orresponds to X2/2, wher e p(i)- p.(A) or p(A)- ト p.(i) and
thetwic eintegralinthe w a v elengthra ngefわrboth c ase si n o m aliz edby 2 .
Pro of
Con siderthe c as eof Xl＋ X2 < Xo .
For pl(1),thefollo wing min, m a x ar e c o n siste nt丘
.
o mThe ore m s3･2 a nd 3･4･
(p.(A)p2(i) min - 0 ･
(pl(A)p2(A)m 奴 - X2
(3.85.a)
(3.85.b)
Fo r1 - pl(A),thefolo wing min, m a x equ ations are co n sistentfro mThe ore m s3･2,3･4, 317 and 318･
((1 - pl(A) p2(A) 批 - X2 -(pl(A)p2(A)min - X二
((1 - pl(A)p2(A)min - X2 -(pl(A)p2(A) m - 0 ･
;”
= 2, (3.86. a)
(3.86.b)
The v alu e of((1 - pl(A)p2(1) - X2 -(pl(A)p2(A) - X
′
pr o ce eds the in v ersedire ctio n
fro m x2 again st(pl(A)p2(A) - X in cre asing fro m O10 ･ Be c au se of the inv ers e relatio n ship,
pr ･(x) of(pl(A),P2(A))x s atis軸ng(pl(A)p2(A) - X(X ∈[0, X2])is in the s ym etric al
relatio n ship with Pr･
′
(X
′
) of ‡(1- pl(A)p2(A) x′ S atisfying
((1- pl(i)p2(A) - X
′
(X
′
∈[0,X2])(Pr･(A X)- Pr ･
′
(X2 - A X)- Pr･
′
(X
′
)(0≦LLY≦X2))･ Where
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iiindic ate s a s et･ Hen c e, the ce nuoid av er aged in the min
- m a x r a ngesofLo,x2ju sirng Pr･(X)
and Pr:(X
'
) co rr esponds to X2/2･ Figu re3･11 sho w sa n e x a mple fo r u nd
erstanding the
relatio n ship.
Pr.
0.5
Pr.(X) Pr.'(X)
X
2
/2 X
2
Figu re3･ll Xl ＋ X' < Xo cas e･
Con siderthe c ase of Xo ≦ Xl 十 X2 ･
For pl(A),thefollowing min, m a x equ ations are c o n siste ntfro mT he ore m s3･2 a nd 3141
(p.(1)p2(A)min - Xl. X2 - Xo,
(pl(A)p2(A)m 弧 - X2 ･
(3.8 7. a)
(3.87.b)
Fo rI - pl(i), thefollo wing min, m a x equ ations ar e co n sistent丘
.
o m Theo re m s3･2, 3･4, 3･7,
a nd 3.8.
((1 - pl(i)p2(1)m 弧 - X2 -(pl(i)p2(A)min - Xo - Xl,
((1 - pl(A)p2(A)min - X2 -(pl(A)p2(A) 孤 - 0
(3.88. a)
(3.88.b)
The pr obability den sity Pr･(X)(X e[0, Xo - Xl])of((1 - pl(i)p2(A)ix is in the
s ym etric al r elatio nship with Pr･
′(X ′) (X′∈[xl ･X2 - X｡, X2]) of ‡pl(A)p2(i)ix･
(pr.(A X)= Pr.
′
(X2 - A X)= Pr.
′(X ′)(0≦A X≦Xo - Xl))･ Hen ce, the c entroida v eraged u sing the
84
probabilityden sities co rre spo ndsto X2/ 2･ Figure s3･12(a)(b)sho w ex a mples.
Forboth c ases of Xl ＋ X2 < Xo and Xo ≦ Xl ＋X2 ,thethe ore m lSPrO V e n･
Pr.
0.5
Pr,(X) Pr. I(X)
X
o-XI X2/2 Xl＋X{Xo X2
0
Figu re3･1 2(a) Xo ≦ X- ＋ X2 and Xo - Xl < Xl ＋X2
- Xo c ase･
Pr.
0.5
Pr.(×) pr.I(X)
X
l
＋X
2
- X
o
X
2
/2 Xo
- X
1 X2
Figur e3.12(b) Xo ≦ Xl＋ X2 and Xl ＋ X2
- Xo ≦ Xo
- XI C aS e･
[T be or e m3.2 6〕
h The ore m3.25,ifXl - X｡/2, the ce ntroidof(pl(A)p2(A) is repres ented in the for m
of XIX2/ Xo ･
Pro of
Ass u m ex2 ' Xl ･ In the 丘a m e w ork of The ore m3･25, both pl(i) a nd ト pl(A) which
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ar ein a s ym etric alrelation ship relatedto pr obabilityden sities are co ns
idered･ lf Xl ≡ Xo/2･ the n
‡pl(A) -‡ト pl(A)i, and o nly pl(1) sho uld be co n sidered･ In th
is c as e･ the c e ntroid of
(pl(A)p2(A) is X2/ 2 fo r pl(A) &o m The or e m3･25, a ndthefollo wing equ atio nisder
iv ed.
旦 = 旦 .A = 二弘 . 旦 = 互生(pl(A)p2(A)ceD h10id = 2 2 X｡ 2 X. X｡
[T beo re m3･27]
For Xl = 0･0 and Xl = Xo,the c entroidequ atio nis XIX2/ Xo
･
(3.89)
Pro of
ln the Cas e .f Xl - 0.0 , p.(A) is alw ays O･O a nd the c e ntroid of(pl(A)p2(i)
be c o m es0.0 . h the c ase ｡f X. - X｡, pl(A)is alw ays Ilo andthe c o ntroidof(p-(A)p2(i)
bec o mes X2 ･ Theboth c entroids s atisfythe equ atio n of XIX2/X(い
[T he or e m3･28]
xIX2/ X. is an approxim ation ofthe c entr oid of(pl(A)p2(A) for apriorigiv en X.
and X2 ･
Pro of
Fr o mT he or e m s3.26and 3.27, the ce ntr oid equ atio n XIX2/ Xo is c o n siste nt o nthe thr ee
points of Xl = 0･0 , Xl - Xo/2 and Xl
= Xo which arethe minim u m, the middle and the
m a xim u mpoints, r e spe ctiv ely･ He n ce, o n otherpolntSin -betw e en,the equ atio nis a n approxim atio n･
[TIleO re m3.2 9]
For Xl
= X2 =
･ ･ ･ = X
n
_1
= Xo/2, a s s u m eEq･(3･90),
(Tg
l
pi(1,)cen&oid
XIX2
- X
D
_1
xo
n
- 2 )
仙en 也efbllo w mgrelatio nisde血ved,
(191Pi(A,)ce nt,old
XIX2
･ ･ ･X
n
xo
n
l l
For a nyv alu e of a > 0 , Eq･(3･91)is c o n siste nt･
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(3.9 0)
(3.91)
For other Xl,X2, - ･ ,X,i conditions, appr o xim atio n of Eq.(3.91)is co n siste ntasfollo w s:
(lBpL･(A,)ce nt, old X)X2
･
･ ･ X
,,
x6
'
-1 (3.92)
Pr oof
Ap plying the ass u mptio n of X- = X2 = - = X′卜1 = Xo/ 2, Eq.(3･92)is tra n sfor med as
fわllo ws.
(
'
,91
1
pi(A)
i
.
e n,I
.
.”
.
a
XIX2
- X
′卜 し I X()
-
-
- -
xil
-2
2
''-2 2
I
Using The orem 3･2 6,thefollo w ingrelatio nisderiv ed･
(
'
L9.
I
pi(i).p1,(A,)",,I(,.(”.d
1 Xo XE, _ XIX2
･ ･ ･X
,)
2
n ‾2 2 Xo X㌃1
Mathe m atic alindu ctio n usingThe ore m3.2 6pro v esEq･(3･91)for any v alu e of n >0 ･
M athe m atic alinduction usingThe o re m3.28pro v esEq･(3･92)inthe sa m e w ay
(3.93)
(3.94)
Thefollo w lng T he orems 3･30 and 3･3 1 dis cu ssthe c e ntroidin thethre edim en sio n s. ln the
o n edim en sio n al dis cu ssio n s,in cluded relatio n existsfor allc as es whichis n otc o n site nt to thethre e
dim en sio n alcas esbec a u se ofthe co m on spectraltra n smittan cefo r alla x es･
[T he or e m3.30]
Fo r s ubtr activ e c ol r血 xtu re oftw o apn orlglV entristim ulu sv alu es, The or e m3･25c a nbe
ap pliedto ea ch axis of X , Y, and Z･
Pro of
■
First,thedisc u ssio nis o n X - a xis･
The indexfor X c o mpo n ents ar e assign ed satisfying X2 < Xl ･ h the thre edim ensio n al
dis c ussio n s
,
iftheredo n ot existin cluded relations,(pl(A)p2(A) m 拡 does n ot a"aim the absolute
m a xim u mbo u nd, a nd this is repr ese ntedby El in the follo wingdis c ussio n s･ In the s am e w ay, if
ther edo n ot exist s eparated relatio n s,(p.(A)p2(A) min do es n ot auain the abs olute minim u m
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b. und, a nd thisis repre sented by E2 in the folo wingdis cu ssio n s･ Ev enifthe para m eters off
'
1 ,
f2 arein cludedin thefollo wing disc u ssio ns, the sym m etric alrelatio nship des cribed
in T heore m
3･25 ispreserv ed･
Assu m ethat theredo n ot e xistin cluded relatio ns and s epar ated relatio n sforthe three
dim en sionaldis c ussio n.
Co n siderthe cas e s atisfying Xl ＋ X2 < Xo ･
For pl(A),thefollo wingr elatio n s are c onsistent･
(p.(A)p2(A) m 皿 - X2 - flA
(pl(i)p2(A)min -f2･
Fo r1- pl(A),thefollo wing equ atio nis consistentin the s a m e w ay･
((1 - pl(A)p2(A) m - X2 -(pl(A)p2(A)min - X2 - E2 ,
((1 - pl(A)p2(A) min = X2 -(pl(A)p2(A) 帆 -El ･
(3.95.a)
(3.9 5.b)
(3.9 6. a)
(3.96.b)
In the s am e w ay with T he o re m3･2 5u sing probabilityde n sity fun ctio n s, the centroid is
deriv ed as X2/2 forthe c as e･
Considerthe c as e s atisfying Xo ≦Xl ＋ X2 ･
For pl(A),thefollo wing equ atio n s are c onsiste nt･
(p.(A)p2(i)m 拡 - X2 - ElI
(pl(1)p2(A)min - Xl . X2 - Xo ･f2,
Fo r1 - pl(A),thefollo wing equ atio ns ar e c onsiste nt･
(3.97.a)
(3.9 7.b)
((ト pl(A)p2(i) m - X2 -(pl(A)p2(A)min - Xo - Xl - E2 , (319 8･ a)
((1 - pl(A)p2(A)min - X2 -(pl(A)p2(A) m -El ･ (3･9 8･b)
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In the s a m e w ay withThe ore m3.25using Pr obabilityde n slty fun ctio n s, the ce ntroidis deriv ed as
X2/2 forthe cas e･
Thethe ore m lSPro v enfor X - a xis, a ndalso fo r Y -a xis or Z - a xisinthe s a m e w ay･
[Tbeore m3.3 1]
Ass u m ethat ea ch(Xi,ち,Z,･)(i = l,2, ･ - , n)is l･ePreS ented based o n a c o m m o n spe ctr al
tra nsmittan c e,thenthe folo w ingequ atio ns are c o n sistent.
(i91pi(1) ～
XIX2
1 ･ ･X
n
育, ce ,,i,.old X;
7 -1 I
(,91PE.(A,)戸,den(r(”.d - 吊賢l
'Y
n
(L91Pi(A,)i,ce,,I,.a ,.a
ZIZ2
- Z
/～
zo
n
-I
(3.99)
Pro of
underthe ass u mptio n, Theore m3･3 0 is applied, and c o n sidering T he orem 3･26 thr ough
The ore m3.29,thisthe o re mlSprov e n.
3.1 0.C E N T ROID F O R G E N E R A L C O L OR A N T A N D R E A L IC TI C C O L O RA N T I N O N E
A N D T H R E E D ⅠM E N SION S22
T hefollo wing pr o ofsfo r pcsi(i) c anbe appliedto pci(A)in the s a m e w ay･
[T beor e m3.3 2]
In the thre edim e n sio n al dis c ussio n s, T he or e m3.2 5(in which pi(A) is replac ed by
pcsi(A)) c anbe applied to e ach axis of X , Y, a nd Z , e v e n whe nin cluded relatio n s or
s epa ratedrelatio n sdo n ote xist･
Pro of
sin ce, (pcsl(A)pcs2(A) m 拡 auains a different v alu e 丘o m (pl(A)p2(A) m a x , a nd
(pcsl(A)pcs2(A)min a"ain s adiffer ent v alue fr o m(pl(1)p2(A)min , als othes edifFeren ces ar e
in cludedin the par a m etersEl and f2 in The ore m3･30, r e spe ctiv ely･ Thepro ofofthis the orem is
pro vided in the sa m e w ay asT he ore m3･30･
Eq.(3.102)in The ore m3･3 3 isthefor m ula ofthe c e ntroidfor o n かdim en sio n･
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[Theo re m3.3 3】
For Xl = X2 =
･ ･ ･ = X
n
_1
= Xo/2, a nd Xn = Xo/2, a s s um eEq･(3･100),
(岩pcs"i,)ceaE”,.d _ 旦旦L旦吐xon - 2 '
thenthefbllo w lngrelatio nisdedv ed,
(191PCSL･(A,) _ 旦丑二三空ceDi,0id X61 I1
(3.10 0)
(3.101)
Fo r other Xl,X2, - ,Xn conditio n s, appro xim atio n of Eq･(3･1 01)is c o nsiste nt asfollo w s:
(,91 - (i) Ge ntroid XonI1～
XIX2 ･ . ･Xn
Pro of
T be 血 eo re m lSpr OV en血 the s a m e w ay asTheore m3･2 9･
(3.1 02)
[T he or e m3.34]
Ass u m ethat e ach(Xi,耳,Zi)(i - 1,2, - ,n)is r epres ented based o n a c o m m o n spe ctral
tr an smittan c e
,
thenthefollo w ingr elationis co n sitent･
(191PCSi(1) _ XIX2
･ ･ ･X
n
君,eenEroid Xo
n
-1 '
(191PCSi(A,)
(191PCSz･(A,)
～
YIY2
･ ･ ･Y
n
y,c eniroi d Yo
n
-1 '
_
ZIZ2
- Z乃
冨,ce Hi, Did Z8
‾1
(3.103)
Pr o of
Underthe as su mptio n, Theore m3･32is ap plied, a nd in the sam e w ay asT he ore m s3･29and
3.33
,
thetheo re m lSpr o v e n.
3.ll. C O N C L tJSIO N
The dis cu ssio n s w ereperfo rm ed startlng &o m ide al c olo r, and proc e eded to re alistic
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color ants, a ndstartingfro m o n e-dim e nsional disc us sio n sto thre edim en sio n aldis c ussio n s. Allofthe
disc ussio n sin this chapter w ere u nderthe c o n str aintoftristim ulⅥs v alu esfわr e ach colora nt aprlOri
giv e n･
Theor e m s3･l and 3･2 deriv edthe m axim u mbo u ndequ atio nfo ride alc olor, a nd Theo re m s
3･3 a nd 3･4 deriv edthe minim u mbo u nd equ atio nforidealcolo r･ An attentio n sho uld be paidtothat
thebo u ndaries ofidealc olor aredes cri bed in simplelin e ar equ atio nsin thetheor e m s.
Theo re m s3.5 and 3.6des cribedthe relatio nsbetw e enthe m axim u mbo u nds fo ridealc olor
a nd ge n er alc olo rants･ It w aspr o v enthat the m a xim u mbo u ndforge n eralc olo rantsis s m allerthan
the m a xim u mbo u ndfb∫ide alc olor.
T he ore m s3.9 and 3.10 des cribedthe r elatio nsbetw e e nthe minim u mbo u ndsfb∫idealc olor
andgen eralc olor ants. 1t waspr ove nthat the minim u mbo u ndsforthegen eralcolo ra ntsiLqlargerthan
the minim u mbo u ndforide al c olo r. h Theo re m s3.9 and 3.10, The ore m s3.7 a nd3.8 which are
relatedto c o mple m entary ofspectraltra ns mittan c efu n ctio n s w ere e mployed.
T he or e m3.I1des cribedthe r elatio nbetw ee nthe minim u mbou ndsforge n eralじOlora nts a nd
r ealistic c olo ra nts . It w aspro v enthat the m axim u mbo u ndfor realistic c olora ntsis s m allertha nthe
m a xim u mbo u nd forgen er al c olor ant. The ore m3,12 describedthe r elatio nbetw e enthe m axim u m
bo und forgen eral c olo rants and re alistic colo rants. It w aspro v enthat the minl m u mbo u ndrfbr
r e alistic c olo rantsislargertha nthe minim u mbo und fわr gen er alc olorant･
T he ore m s3.13a nd 3.14w ere relatedto min - m a xlength foride alc olo r.
T he ore m s3.15and 3.16w ere relatedtoin cluded relation, a nd T heore m s3.1 7and 3.18w ere
relatedto s epa ratedrelatio nin thetristim ulus v ector spa ce･
T he ore m s3.19and 3.2 0 deriv edthe m a xim u mbo undfo ride alc olor, and Theo re m s3.2 1and
3.22deriv ed the minim u mbo u nd foride al c olorin the tristim ulu s v e ctor spac e. The ore m3.23
de血v edthe relatio n sbetw e en血e m axim u mbo u nds oftheide alc olor,ge n eralc olor andre alc olor.
The ore m3.24deriv ed the relatio n sbetw e enthe minim um bo u nds oftheide alc olor, gen er al c olo r
a ndr ealcolo r.
Thesethe ore m s e n abledthedis c ussio n sforthe minim u mbo und andthe m axim u mbo u nd in
the tristim ulu s v e cto r spa c e, a ndals o co ntributedto the ce ntr oid dis cu ssion sin thetristim ulu s v e cto r
spa cein thefollo w ingthe or e m s･ T hes ethe ore m s wer e c on siste ntwiththe optl m alc olortheo ry･ a nd
thedisc u ssio n s w ere e xte n sio n s ofthe optl m alc olorthe orylntO S ubtractiv e c ol r mixture･
From T he or e m3･2 5thro ugh Tbe or e 皿3･34,the ce ntroid w asdis c uss ed･ The or e m s3･25, 3･26,
3.27, 3.28, 3.30 and 3･32w erepreparatio n sforthe m ain res ults of The or e m s3･2 9, 3･31, 3 3 3and
3.34. In The ore m s3.2 5, 3.30and3･3 2, s ym etric alr elatio nsbetw e enpr obabilityden slty fun ctio n s
w a s utiliz edforderivingthefo r m ula ofthe c e ntroidof Eqs･(3･92),(3･9 9),(3･102)and and(3･103)･ It
w asdiffic ult to m odelthe probabilityden slty fun ctio n s e xplicitly, a nd witho ut the m odeling, the
fo rm ula ofthe ce ntr oid wasderiv edby usingthes ym etric alrelatio n s･
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The important result deriv ed is that the c e ntr oid of re
s ulta nt tristim ulu s valu e sis
appr o xhn ately repr ese nted in the m ultiplic atio nfo r mbetw e engiv en co
mpo n ent tristim ulu s v alu es･
This holds foride al c olor, ge n e ral c olor ants and for r ealistic c olora nts I This m ultiplic atio n
c o rrespondsto the additio ninadditiv e c ol r miture･ Color mitu rehasthe sym
m etricalstru ctu rein
whichadditio nisfor additiv e c ol r mixtur e and m ultiplic atio nisfor s ubtra ctiv ec olor mixtu re･
Ther es ults c o ntributeto w ard a c o mprehe nsiv e m odeling ofs ubtra ctiv ecolor mixtu re･
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4.N町M E R I C A L IL L U S T R A 甘I O N
4.1.R E L A T E D TO CI‡A P T E R 2
Figur e4･1is anillustr atio n ofthe origin al c mfs(1n m sampling)for n on - c on v e xity, a nd
Figur e4･2isthe c orrespo nding chr o m aticltydiagr a m, r e spectiv ely･ Figure 4･2 indicates apart oftbe
chr o m aticlty diagra mfo r an enlargeddisplay. In Figu re4.1, a part ofc mfs which do n ot s atisfy
The ore m2･1 e xists n ear44 0n m andthe res ult ofFigure4.2 has a n on- c o n v e xpart. This c asedo es
n otc o rrespo ndto on e ofthetw o n ec ess aryc o nditio n sfor c o n v e xityin T he ore m2.1. Als oithasbe en
c o nfir m edthatc mfs ofFigu re4.2 do n ots atisfyEqs.(2.18)(2.22)and(2.26).
Figu res4.3 sho w s s m o oth c mfs which do n ots atisfy c o n v e xlty, a nd Figu re4.4 sho w sthe
c o rrespo nding chro m aticitydiagra m. It hasbe e n co nFlr m ed that c mfs of Figu re4.3 do n ot s atisfy
Eqs.(2.18)(2･22)a nd(2･26)･
Figures4.5(a)a nd(b)sho w CIE 193 1c mfs which arethe origin al(1n m s a mpling)a nd4 0n m
inte rv al s a mpling o n the o rigin al, r e spe ctiv ely. Figur es4.6(a) and(b)sho w the chr o m aticity
diagra m s which c orr espo ndto Figures4.5(a)and(b), andthe c o n v e xityofthe chr o m aticitydiagra m
is c o nfirm edin relatio nto The or e m2 3.
The chro m aticitydiagra min Figu re4.7 co rresponds to the c mfs of35n minte rv alsa mpling
o nthe c mfs in Figu re4･1･ The c au s e ofthe n on-c o n v e xity, a s s e e ni Figu re4･2, is c o mpletely
tru n c ated by o n e oftheinter v als･ The c o n v exity ofthe chro m aticitydiagra m c anbe e xplaineduslng
The ore m2.4.
The c o n sider atio n sdes cribed abo v e are舟o m T he or e m s2.1 deriv ed 丘om the ge n eral
for m ula, and &om The ore m s2.3 and 2.4 r elated to The or e m2.1. The e xiste n c e ofthe ge n eral
fo rm ula e n abledthe an alysIS relatedtothe n u m ericalillu str atio n s･
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4.2.R E L A T ED TO C 放A P
r
F E 鼠3
De瓜mitio n
No m aliz atio n
W henthis is indic ated, spectralpo w erdistributio ns of illu min ants are n or m aliz ed s o Y
stim ulu s v alu e ofe ach illu min a ntis loo.0 asfollo w s:
x
n o ,
･
,1
- 100･(p(A)育/(p(A)- I)戸,
y
m m ,,
- 100･0(p(A)
.
v
/(p(A)- 1)ァ ,
z
f, ”
･
m
- 100･(p(A)吉/(p(A)- 1)∇ ･
(4.1)
Fo r simplicity ofthe c o n v entio n al deflnition of Xl,0 ,m de v olv esto X -(p(A)貫 , a nd similarlyfor
】′ a nd Z.
圭 幽 出盛 堕
The c o ntin u o u sintegr aln otationis calculated in adis cret fo r m andthe su m m atio n(∑ )is
o v erthe visible spectru m with a w av ele ngthinte rv al AA ･
Ntl m e ric alintlStratio n relatedto See.3.4
Nu m eric alillu strations arein cludedto show evide n ces o nthethe ore m s. 1n the illu str atio n s,
the D 65 is assu m ed for S(A), andthe CIE 193 1c mfs are ass um ed for x
-
(A), yl A), 言(A)l on e
ofs ea rch m ethod c alledsim ulated an n ealing
23
hasbeen e mployed･ Forthe re as on ofc mputatio n al
bu rde n, n = 2 and 77 = 3 c as es areperfor m ed･
h sim ulated a n n ealing, pl(Ak), P2(1k), ･ ･ ･ , P,1(1k)(k = 1,2, - , m) qu a ntized in the
spe ctr alra nge aren I m dim e nsio n alpara m etersto be optimiz ed, where m indic atesthe n u mbe
r
ofspe ctraltr an smitta n c e valu esin the w a v ele ngth r ange of 400n m to 70
n m
,
a nd m = 61(5n m
step)I xo = 94･94 ･ h sim ulated an n e aling pro c ess, r e c o nfigu
ratio n of par a m eters o n
pl(1k),P2(1k), - ,PH(1k)(k - I,2, - , m)is perfor m ed, and fo r ea ch rec onflgur atio n, a c c eptan c e
o r n o n- a c c epta n c e is dete min ed･ T he rec o錦gu ratio n s or
pl(1k), P2(1k)., ･ ･ , ,Pn(1k)(k - i,2,
-
,m) areperfor m ed satisfyingthe c o n sh
.
aints of Eq･(3･3)I h
the re c o nflgur atio n s, pl(1k), P,(1k), - , P”(1k)(k - 1,2, ･ ･ ･ ,m) take only0 or1 v alu esbec a us e of
the ass u mptlOn Ofide al color m odel･ The re c o nfiguration andthe deter min at
ion ofa c cepta n ce are
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r epe ated, andthe fln alstate ofthe re c o nflgur atio nis the opt
imiz eds olutio n･ Thefollo w ing fu n ction
A V isdefin edforthejudgm entofacc eptan c e or n o n- ac c eptan c e ofa re c onflgur atio n･
A V=(V v alu e a触r r ec o nflgur atio nト(V v alu ebefo re re c o nfigur atio n)I
wher e V indic ate s(,91Pi(A)
(4.2)
t｡ be m aximiz ed or minimiz ed depe nding o n
p.(Ak), P2(1k), ･ . ･ , Pn(Ak)(k - 1,2, - , m)I In the c ase of m a ximiz atio
n
,
if A V in cre as es, the
r ec o nflgu ratio n is a c cepted･ If A Vdecr eas es, the r
ec o nrlgu ratio n is a c c epted bas ed o n the
probability of pa = e xpトA V /T) and r eje cted bas ed o nthe pr obability of pl･
≡ I - e xp(- A V / T),
whe reT in dic atesthe te mper atu r e ofthe an n ealing pr oce ss･ h the cas e of minimiatio n, if
AV
de cre as es, the r ec o nrlgu rationis ac c epted･ If A V in cre ase , the r ec o nflgu ra
tio nis ac c epted bas ed
o n the pr obability of pa - e xp(
- A V / T) and reje cted bas ed o n the probability of
p, = 1
- e xp(- A V / T)I T he larger the v alu e of T,in other w ords, the higherthe te mp
erature
,
the
m o reea sily the re co nfigur atio nis ac c epted; the s m allerthe v alu e of T , in othe
r w ordsl the
minim um the te mper ature, the m oredifrlC ult is the a c ceptan c e of re c o nflgu ra
tio n･ The
re c o nflgu ration of par a m etersis perfor med in desc e nding the te mperatu re u sing
A V a nd the
probability distribution as a ref ren c e･ Lo c al minim a c a n b
e av oided u slng a Pr obability
distributio n, a nd withde cre asingte mperatur e, the global optlm u mC anbe attain ed･ T he
T v alu e
is r educ ed in de cre ments of A T do w nto OI The r edu ctio n of A T is perfor m ed when the
v ariatio n of the c ost fun ctio n V is the n ois e :the equilib riu m state･ h the repetitio n ofthe
re c onflgu ratio ns aste mper atu redecr eas es, w
hen the te mperatu re r e achesO･the re c o nflgu red state
of pl(1k), P2(Ak), - , Pn(1k)(k - 1,2, ･
-
,
m)is thefln aloptimiz eds olutio n･ We c anthu sobtain
the s olutio n. The way of re c o nfigu ratio n w as dete min ed uslng a r ando m n u mb
er fo r
pl(1k), P2(Ak), - ･ , Pn(Ak)(k - 1,2, - ,m)･ T he sta 血 gv alu e of T w as1, a nd A T
- 10
I3
･
Tables4.l and4.2 sho wthe n u m eric al illustratio n sforT he o re m s3.1(n = 2)and 3 3(n = 2),
respectiv ely･ Tables4･3 and4･4 sho wthe n um eric al illustratio n sforThe o
re m s3･2(n = 3)and3･4
(n I 3), respectiv ely･ Fo rtheillu str atio n s of Tables 4･1, 4･2･ 4･3 and4･4, fo ur,thr ee,fo u r a ndthr
ee
sets ofstim ulu s v alu e s w er e u sd, r e spectiv ely･
Fr o m Table 4.1, itis possible to se ethat the valu es of the le氏 side of Eq･(3･9) w ere
appr o xim ately equ al to the v alues ofthe right side ofEq･(3･9)･ The erro rs ar e ca u sed by the
opti miz ation erro rs andqu antiz ation errorsin the w av elength ra nge ･ In Table 4･2,itispo ssib
leto s ee
that the results sho w Eq.(3.13). Fro mtable4.3,itispo ssibleto se ethat the v alu es ofthele氏side of
Eq.(3.10) wer e ap proxim ately equ alto the v alu es ofthe rightside of Eq･(3･10)･ h Table 4･4,itis
po ssible to see that the r esults sho w Eq･(3･15)･ Tho ughthe results in Tables413 a nd4･4
include
largererrorsbe c a us e ofthelargerdim e n sio ns n= 3 ofoptimizatio nin c o mparis o n witht
he cas es
10
of n I 2, the res ults appro xim ate the oretic ally e xpe cted v alu es. T hese r esult c onfir m T he ore m s
3. ト3.4.
Table4.1 Nu meric alillu str atio n sfol･ T he ore m3.1.
X
l･
X
2
X
l
= 9 0･00 Xl = 7 0･00 Xl = 80･0 0 Xl
- 50･0 0
X
2
= 90
･
00 X
2
= 70100 X2 = 70･00 X2
= 80･00
min [X., X2〕 90.0 0 70.00 70.00 50.0 0
(p.(A)p2(A)m a x 89.31 69.89 70.20 49.75
Table 4.2 Nu m eric alillustratio n sforThe or e m3.3.
Xl･ X2
X
l
= 90･00 X
l
= 80100 Xl = 7 0･00
X
2
= 50･00 X
2
= 45･00 X2 - 7 0･0 0
X
l
＋ X2 1 4 0. 0 1 25.00 1 40. 0
(p.(A)p2(A)mi｡ 4 5.0 6 29.89 45.l l
Xl ＋ X2
- Xo 4 5.0 6 30.06 45.0 6
Table4.3 Nu m eric alillustrationsfわrTheor e m3.2.
Xl, X2･ X3
X
l
= 90･00 Xl = 65･00 Xl = 80･00 Xl = 70･00
X2
= 90･0 0 X2 - 7 0･0 0 X2 = 8 5･0 0 X2
= 70･0 0
X
3
= 90･00 X3
- 80･0 0 X3
= 95･00 X3
= 90･0 0
min[x,･ X2, X3] 90.00 65.0 0 80.00 70.00
(pl(A)p2(A)p,(1)m a x 90.8 6 64.1 7 81.02 6 9,0 8
1 0 1
Table4.4 N um eric al illu stratio n sforT he ore m3･4･
X., X2, X3
X
l
= 90･0 0 Xl = 9010 0 Xl
= 95･0 0
X
2
- 80･00 X2
= 9 0･00 X2
= 95･00
X3
- 80･0 0 X3
= 60･00 X3 = 5 5･0 0
Xl ＋ X2 ＋ X3 250.00
24 0. 0 245.0 0
(p.(A)p2(1)p3(1)mh 60.6 0 48.0 4 54.42
X
l
＋ X
2
＋ X3
- 2 Xo 60.1 2
50.1 2 55,1 2
Ntl m eric alinu str atio n related to See. 3.5
Illu stratio n s relatedto the T he or e m s are sho wn･ Figu re4･8sho w sthe n
= 3 c olor a nts u s ed
in this illu str ati. n and who s e spe ctr altr an smittan ces areindic atedby pc;(A)(i - 1,2,3)･ T hr ee
types .flin esindicate thre e spectr al tr an smittan cesin the r ang
e of[400i700](nm)･ 1n this
ilu str atio n, CIE 1931c mfs ar e e mployed, D 65 illumin ant is ass
u m ed
,
a nd
xo - 94･94, Xl = 78135 forthe s olid lin e, X2
- 55･95 forthe n o u nifor mbr oke nlin e, X3 = 67 A 4
3
fo,the unifo , mbr oke nlin e. Thes e v alu es s atisfythe ass u mptio n of 2 Xo < =Xi in T he o re m3･4･ h
i=1
T he o re m3.4, the abs olute minim um bo u nd is calc ulated asfolo w sfor the pn o ngiv e n Sti
m ulu s
v alu es ofEq.(3･3)･
(l@1Pi(A,)
3
= ∑Xi - 2 Xo : =11･86･
血n i=1
In The ore m3.10,thefollo wingrelatio nis c alc ulatedu sing pc,･(A)(i = 1,2,3)in Figur e4･8,
(gpz･(A,)min ≦(l$1PCi(A) min ≦(lBpc,,(A) - 17･65,
(4.3)
(4.4)
and the c onsiste n cybetw e en calc ulated n um eric alres ults of Eqs･(4･3)andEq･(4･4)c anb
e c o nflr m ed･
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Figure4.8 Spe ctraltra nsmittan c esfわrillu str atio n.
Next, n um e rical c alculatio n s related to the abs olute m a xim u m bo u nd is indic ated. h
T he or e m3.2, the absolute m a xim u mbo u nd is calculated asfollo w sforthe pr10 rlgiv e n Stim ulus
v alu es of Eq.(3.3).
(,S.pi(A,)max = min[Xl,X2, X3]= 55･95･
也 The ore m3.6,thefbllo w lngr elation is calculated,
(lBpc,,(A,)-17･65≦(lBpci(A,)m a x≦(,Spi(A) m 狐 ,
(4.5)
(4.6)
and the c o n sisten cy betw e enthe calculated n u m eric al res ults of Eq･(4･5) and Eq･(4･6) c anbe
c o nfir m ed.
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NⅦ m e rical imtlStr a七io n r elated to Scc･ 3･6
definitio n
ln the illu stratio n, the follo w ing basic splin e fun ctio n s are e mployed
for a m athe m atic al
m odeling ofspe ctraltran smiuan ces ofa re alistic c
olor ant
24
u sing Bk(A)(k = 1,2. - ･ ,h)in Eq･(3･4)･
Bk(A)≡
wher e
‡d･3d( 叶 IkI)･3o( 叶 k^I)
2
- 3( 叶 Akl)
3
i/6-3 叶 紳 ,
(2叫 A - lkI)
3
/6a,
3
for a≦ tA - 1kl≦2w ,
o fo r 2a,≦ IÅ - 1kト
(4.7)
k = l,2, - ･ ,h,
1k: C enter Ofthe functio n,
a :para m eter ofthe fun ctio n･
B
k
(A)
k
0.5
0
1 k=2
k=1 8
4 00 500 600
700 n m
Wav ele ngth
Figu re4･9Basic splin efun ctio n s･
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Figu re4･9sho w stheba sic splin efu n ctio n sinthe w av elengthrange of[400, 700Hn m) withthe
par a m eters v alue of h- 18, Lu = 20, C
*
-(0.5,0.5, - ,0.5), a nd Ak W ere C alculated for u niformly
spre ad inter v als alo ngthe w a v ele n紳 s.
Calc ulatio n s che m e
T he co st fu n ctio n forthe e v alu ation ofthe minim u mbo und ol･ the m axim u mbo u nd is
c o n stru ctedasfollo w s:
F
r(C,-(LePC SL･(i,)TI
2
where
(4.8)
I : - min o r m ax(min c orr espo nds to the minim u mbo u nd a nd m ax c o rrespo nds to the
m a xim u mbo u nd).
The Taylor expan sio n of FT(C) is asfolo w s:
F
r(C)= FT(c
'
)'V Fr(c
･)A C＋1(A C)t Hr(c
*
)A C,
2
wbere
(4.9)
c = c
*
＋ AC (C
*
isthe apriori kn o w n v alu e a nd Cisthe n e w v alu etobe dete min ed),
c
*
-(c el
*
,1,C e.
*
,2,
A
. ･
,C e.
a
,
h , C e;,” Ce;2, ･ ･ ･ ,C e;,h, ･ ･ ･ ･ ･ ･, C e/:,i, C e:,2, ･ ･ . ,C e,
”
l,A)
I
-(c.
～
,c;, . ･ ･ , c(
*
,,.h,)
i
I
A C-(Acl,Ac2, ･ ･ ･ ,Ac(,l･h)
(
,
V Fr(C)=〔∂FT(C) ∂Fr(C)∂cl ' ∂c2 ' 欝〕,
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a2FT(C)∂
2
FT(C)
∂cl∂cl ∂cl∂c2
∂2FT(C) ∂
2F
T(C)
H r(C)=
a2FT(C)
aclaC(n th)
∂2FT(C)
～
-
4 4 f ”
∂c(”.h)
∂cl ∂c(n ･h)∂c2
∂c
(n ･h)
∂c(n th)
the Hessian m atrix .
The c o st fun ction is optimized u nderthe c on str aints ofEq･(3･3)fo rgiv en X.
I(i - 1･2･ ･ ･ ･ ･ n)I The
co n straint te rm s of Eq.(3.3)are asfollow s:
∑s(A)pcsj(A)i(A)- Xi (i - 1･2, ･
-
,
n)I
A
(4.10)
T he solutio n A C ofthe optimiz ed Eq･(4･9) with c on straints of O≦ cej,k ≦1 in Eq･(3･4) a nd
Eq.(4･10)isthe s oludontobederiv ed･ Thisisthe qu adr aticprogra mi ng p
r oble m･25
c
･
and A C dete min e C ofthe spectr altra n s mitta nc e
･fun ctio n s ofEq･(3･4)I andthe valu es of
(畠pcsi(A) min and(glPCSi(1,)皿 X ar eC alc ulatedu singthe definitio n of(,9.pcsi(A,)min a nd
(19.pcsi(A,)ma x and dete min ed C .
h the n um eric alillu stratio n s,the s etting Of n ar e3 and 4 ･ CIE 1 931 c olo r m atching
fun ctio n s(In ninteq?olated), a ndD65 illumin ant w ere e mployed･ Fo rthe m axim u m e
v alu atio n of
F
T(C),the minim u m
- FT(C)is e v alu atedin the qu adr aticpr ogr ami ng･
A refer en ce w aspr ovided, be c au s ethere e xists the possibility of n o n
-u n lqu e n e SS･ in other
w ords the po ssibility ofn o n-globaloptlm u min the qu adratic progra
rr - ng･ Forderiving r efere n c e
solutio n s, o n e ofs e ar ch m ethod c alledthe sim ulated ann e aling w as e mployed･be c au sethe s
im ulated
an n e aling c an attain the globaloptl m u mthe o retic a11y･ In the sim ul
ated a n n e aling, C qu a ntiz edin
the para m eter r ange aren ･h dim e n sion alpar a m etersto be optl miz
ed･ In the sim ulated a n n e aling
pro c ess, r e c o nflgur atio n s ofthe para meters ar ep rfor m ed,
a ndfo r e a ch rec o nflgu ratio n, a c c eptan ce
o rn o n-a c c epta n ceis determin ed･ T he re co nflgu r atio n s ofthepara m eters ar
eperfo rm ed satisfyingthe
c o n str aints of 0≦ cej,k ≦1 in Eq･(3･4) and Eq･(4･10)I T he re co nflgu
r atio n s w erep rfor m edin
qu antiz ed step v alu es of C us 1ng a ra ndo m n u mber･ T
he r ec o nflgu ration andthe deter min atio n of
ac ceptan c e are r epe ated, a nd the fin alstate ofthe r e co nflgu
ratio nis the optlmiz ed s olutio n･ The
106
follow ing fu n ctio n A F is defined for thejudgm e nt of a ceptan ce or n o n- a c c epta n c e of a
r ec on丘gu ratio n･
A F= α(Fr(c) v alu e after rec o nfigur atio nト(Fr(c) v alu ebefore re c o nfigu ratio n), (4･11)
where
a : n o r m aliz atio nfa ctor.
A FIX n u mber of 10
2 iteratio n s areperfo r m ed for ea ch te mperatu rein the c arefu lte mper ature
desc e nding. tnthe repetitio n ofthe re c o nfigur atio n s asteITIPeratu redecre ases, whenthe telnPerature
re aches0, the rec o nfigu red state of C is the finalopti miz ed s olutio n･ We c anthusobtain the
s olutio n･ T he w ay ofre c o nfiguratio n w asdeter min ed u slng a rando m n u mber･ The starting Value of
T w as1, a nd AT = 10
-
Ll
･ Fo rtheinitialstate ofthe an n e aling pr oc ess,the s olutio ns ofthe qu adratic
pr ogra m m lng W ereutiliz ed･ T he para m eter step ofthe re c o nflgu ratio n s was 10
-3
･
The n u m eric alillustr ations are sho w nin Table 4.5 whichgive s a c o mpariso n r elatedto the
m a xim u m o r minim u m stim ulu s v alu es of n c olol･a ntS layer･ In Table 4･5, the c o mbin atio n s of
x
I
,'i - 1･2, - ,n' valu es, a nd c o 汀eSPO nding(191PCSi(l')I and(,epi'l')r arediて
ided by Xo
and indic ated bas ed o n Xo sc ale･ Figures4･10(a)(c)(e
'
)(g
'
) are spe ctr al tra ns m lttan CeSPCS
optimiz ed c orrespo ndingto(a)(c)(e
'
)(g
'
)(n - 3)c o nditio nsin Table 4･5･ Figures4･1i(a)(c)(e
'
)(g
'
)
are spe ctral tr an smitta n c esin S
I optimized correspo nding to (a)(c)(e
'
)(g
'
)(n ≡ 4) c o nditio n sin
Table 4.5･ In Figu res4･1 0a nd4･11, the solidlin e, the unifor mbroke nlin e,the n o unifo r mbroke n
lin e(o ne broken dot) a nd the n o u nifor m br okenlin e(tw obroken dots)indic ate the spe ctra
l
transmittan ce s of X” X2 , X, a nd X., r e spe ctiv ely･ In Figures4･1 0(a)(c) and 4･11(a)(c), the
relatio n c o汀 eSpO ndstothein cludedrelation de血 ed fb∫ide alcolor whichgives也e m a xim u
m valu e
of(,epi(A,). h Figur es4.10(e')(g')a nd 4･11(e
'
)(g
'
), the abs orptionbands are alm osts epar ated
r elatio n sdefined foride alc olo r whichgiv esthe minim um v alu e of(,91Pi(A,),a ndthe an alogyals o
c o nfir m sthe res ults.
T he v alidity ofthe &a m e w o rk derivingthe m axim u m a ndthe minim u m
v alu es ofr es ulta nt
stim ulu s v alu es of n c olor ants layer is c o nfirm edbas ed o nthe follow lng CO n Sider atio n･
To be
ev alu ated is n ot the ap pro xim atio n err orsof Eq･(4･9), and sho uldbe the er
rors whenthe s olutio ns
deriv edby usingthe ap pr o xim ated fun ction of Eq･(4･9)areputin the origi
n al fun ctio n of Eq･(4･8)･
Hen ce
,
c o mparis o n s withthe refere n c e s oluti n sderiv e
d by usingthe sim ulated an n ealing e xplain ed
abo v e w er eperfo rm ed･ For apart ofc o nditio n sin Table 4･5, the refere
n ce s olutio n s w er ederived･
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The sim ulated a n n ealing c o uld be e mployed fo r restricted n u mber ofiter atio nsb
ec a u se of bu rst
c o mputing tim e r equlr e m e nt The c
o nditio n s w ere slected based o n the c o mplic atio n of the
o v erlapplngS Sho wnin Table 4･6, be c a
u s ethe m o re c o mplic atedthe m or ein cr e asedthe optimiz atio n
erro rin ge n eral, 皿d n e ar w orst c ases w ere C O n Sidered･ h Table 4･6, the pe
rc entage of the
overlapplngS are Sho w nfor e ach c o nditio nin which con stant parts of p
= O o r p = 1 w ere n ot
c o u nted in the co mple xity･ Foride al c olo r c as es, only tw o states o
f p - 0 or p = 1 w ere
c o n sidered aspara meter v alu es andthe c omputatio n alburde n w as c o mpar ativ ely s
m all
,
butin this
n u m eric alillustr atio n, c o ntin u o u spara m eterv alu es sho uld be co nsider edtho ughthepar a m eter spac e
w asshr unke nby the c o rrelatio n m odeldes criptio n ofEqs･(3･4) and(4･7)･ As the
r es ults ofthe
sim ulated a n n e aling, f.r c o ndit o n s of(c)(e)(i)(f
,
)(i
,
)(n - 3), the optimiz atio n erro rs of F,(C)
betw e e nthe refere n ce s olutio n and the solutio nderiv edby the qu adratic pr ogr a m m lng are8･6 %,
3
.
9% , 2.4 %, 5･8 % a nd 9･2 % indic atedby Err in Table 4･6, r e spectiv ely･
Fol･ C O nditio n s of
(d)(h)O)(d
,
)(n - 4), the optimizatio n erro rs of FT(C) betw e enthe r efere n c e s oluti n and the
solutio nderiv ed bythe qu adr atic pr ogr arr- ng ar elO･9 %, 718 %, 2･2 % a nd 8･9 %,
r e spe ctiv ely･
T ho ugh the erroof X ps.I c a nbe arforpr actic alu s e,
itsho uld be c o n sideredthatin the res ults of
the sim ulated an n ealing, n oiselev elerrors ar eincluded･
on 血e c o n血 m ation ofthe r eliability ofthe opti血zatio n r es ults, T he o re m s3･11a nd 3･12
pro v e ni the previo u s chapter areillu str ated n um eric ally &o millustr atio n s of Xq .Ltl･ T
a nd X
p,T
in
Table4.5.
The ｡re m3.13c an be ilu strated fro m(c)(c
'
)(i)(i
'
) (n = 3) and(a)(a
'
)G)O
'
)(n = 4), fo r
e x ample. Both(c)(c
･
)(n - 3)a nd(i)(i
'
)(n - 3)s atisfythe c o n straint ofthe the or e m･ The r esults of
Dist = 0.250for(c)(c
,
) (Xl ≠ X 2 ≠ X,) and Dist - 0･5 00 fo r(i)(i
'
) (X- = X2 = X ,)s atisfy the
the .r e m. For n= 4, both(a)(a') andO
'
)0
'
)s atisfythe co n str aint ofthe the ore m, a nd Diet = 0･5 00
fo r(a)(a
,
) (Xl ≠ X2 ≠ X, ≠ X.) and Dist
- 0･634 for0)0
'
) (X- - X2 - X, = X4) s atisfy the
the o re m.
T he｡r e m3.14c anbei1u strated 丘o m(ち)(b
'
)(d)(d
'
) (n = 3) a nd(d)(d
'
)(g)(g
'
) (n = 4)for
〝
e x ample. Both 仲)(b
･
) (n - 3) and(d)(d
'
) (n - 3)s atisfy the c o nditio n of ∑Xi ≦(n
- 1)xo , and
i=1
Dist - 0.1 00f. ,仲)仲
,
) and Dist - 0.125 fo r(d)(d
,
)depending o n min[xl, X2,X,]･ h the n e xt
〃
illu stratio n, both(d)(d
,
)(n - 4)a nd(g)(g
')(n - 4)s atisfythe c o ndito n of(n - I)xo ' = Xi , a nd
i=1
Dist = 0.501for(d)(d
,
) and Dist - 0･499for(g)(g
'
)(the s a me r esult with O･501e x cluding the
, . unding err ors)n otdepend ing o n min[xl,X2, X3,X.]･ T hes e res ults c o nflr mthethe orem ･
Rat in Table4.5 indic ates lOO･(191PCSi(A) mJ(glPCSi(1,)min‡′D is"%,
whichimpliesthethe oreticalra nge ratio betw e en re alistic c olo r ants a nd ide
alc olor
,
a ndthe
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res ults ar ein cluded inthe c o rl･e SPO nding m ax c olurrm sin Table 4･5･ The ratioindic atesthe degre e
ofshrinkfro mthe m ost wide ra nge ofidealcolor. The existe n c e ofthe res ultsforide alc olo r en abled
the calc ulatio n ofthetheor eticalratioforthe m athe m atic al m odeling ofEqs.(3.4)a nd(4.7)of
r ealistic c olor ants.
The seillustrated the theo re m sdesc ribed in this thesis
,
a nd indicatedthe thec'r etic al ra nge
r atiobetw ee n a re alistic c olo ra ntandthe c orrespo ndingidealc olorfわr ea chc o nditio n.
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Table4.5 Nu m ericalillustr atio n s.
r Xl X2 X3 X 4 Xpc s. ど Xp . ど Rat(%)
n=3
a m a x 0.750 0.800 0.833 0
.739 0.750 93.2
b m a x 0.500 0.250 0.1 0 0.099 0.loo 99,0
C m a x 0.250 0.750 0.500 0.230 0.250 92.0
d m ax 0.500 0.250 0.125 0,117 0.125 93.6
e m a x 0.7 50 0.750 0.750 0.703 0.750 87.0
f m a x 0.8 0 0.800 0.800 0.783 0.80 92.3
g m a x 0.800 0.83 0.750 0.739 0.750 93.2
h m a x 0.250 0.250 0.250 0.212 0.250 84.
J m a x 0.500 0.50 0 0.500 0.351 0.5 0 68.
m a x 0.900 0.60 0 07 50 0.5 94 0.600 954
1
a m n
n
n
n
n
n
n
n
n
n
0.750 0.800 0.833 0.397 0.383
b
'
m 0.500 0.250 0.100 0.000 0.00
I
C m 0.250 0.750 0.500 0.000 0.000
d
7
m 0.50 0.2 50 0.125 0.000 0. 00
I
e m 0.750 0.750 0.750 0.268 0.250
f
7
m 0.800 0.800 0.80 0.412 0.400
g
'
m 0.800 0.833 0.750 0.397 0.3 83
h
'
m 0.250 0.250 0.250 0.00 0.00
■ l
I m 0.50 0 0.500 0.500 0.007 0.00
～I
+ m 0.900 0.600 0.750 0.260 0,250
n=4
a m a x 0.500 0.666 0.571 0.8 00 0.401 0.500 78.4
b m a x 0.750 0.500 0.571 0.750 0.468 0.50 90.4
C m a x 0.375 0.500 0.800 0.833 0.331 0.500 65.4
d m a x 0.630 0.833 0.833 0.833 0.620 0.630 87.2
e m a x 0.750 0.750 0.750 0.800 0.7 4 0.750 747
f m a x 0.83 0.80 0 0.750 0.750 0.7 20 0.750 85.9
g m a x 0.66 6 0.833 0.833 0.833 0.658 0.666 90.2
h m a x 0.125 0.125 0.125 0.250 0.087 0.125 69.6
I m a x 0.600 0.600 0.900 0-950 0.541 0.600 68.5
m ax 0.634 0.634 0.634 0.634 0.430 0.634 6l.5
I
a m
m
m
m
m
m
m
m
m
m
n 0.500 0.666 0.571 0,8 0 0.009 0.00 0
b' n 0.750 0.500 0.571 0.750 0.016 0.00
1
C n 0.375 0,500 0.800 0.833 0.0 4 0.00
d' ln 0.630 0.833 0.833 0.833 0▲183 0.129
I
e in 0.750 0.750 0.750 0.800 0.181 0.050
f
'
n 0.833 0.8 0 0.750 0.750 0.190 0.133
g
'
n 0.666 0,833 0.833 0.833 0,208 0.167
h' n 0.125 0.125 0.125 0.250 0.0 0 0.0 00
p I
I n 0.600 0.600 0.90 0 0.9 50 0.164 0.050
j
'
n 0.634 0.634 0.634 … 0､634 0.040 0.000
X:Xo s c ale
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Table4.6 Co mplex lty anderro rs･
T
Nu mber of o v erlap p gs(oto 4)a nd e xisting r atio(
0/.】
0 1 2 3 4 Err(%)
n=3
a
b
C
d
e
f
g
h
m a x 27.9 29. 38.2 4.0
m a x 0.0 57.1 36.2 6.6
m a x 20,9 1 4.6 2.6 41.9 8.6
m a x 0.0 63.8 29.6 6.6
m a x 56.2 0.0 0.0 43,9 3.9
m a x 68.4 0.0 0.0 31.6
m ax 27,9 29.9 38.2 4.0
m a x 68.8 0,0 0.0 31.2
I
j., . . . .
I
a
m a x 35.6 0.0 0.0 64.5 2.4
37.2 2.3
m
m
m
m
m
m
m
m
m
m
n
n
n
n
n
21.3 24.3 4 7.8 6.6
b
' 33.9 25.3 40.9 0.0
I
C 0.0 40.2 59.8 0.0
d' 15.6 23.6 60.8 0.0
I
e 30.2 2l.3 41,9 6.6
f 3.0 29.2 47.8 1 9. 5.8
g
' 2l.3 24.3 47.8 6.6
h
' 27,2 3l.9 26.3 1 4.6
■ 7
l 0.0 36.5 48.8 14.6 9.2
●I
I 1 4.6 28.2 43.9 13.
n=4
a m a x 50.2 12.6 ll.3 12.0 14.0
b m a x 56.2 07 23.3 0.0 19.9
C m a x 0.0 4l.5 50.5 8.0 0.0
d m a x 10.3 57.5 0.0 2 8.2 4.0 1 0.9
e m a x 62.5 6.0 0.0 6.0 25.6
f m a x 44.9 17.6 12.0 16.9 8.6
g m ax 10.3 57.5 0.0 28.2 4.0
h m a x 15.0 42.5 0.0 28.2 14.3 7.8
l m a x 20.9 0,0 65.1 0.0 14.0
2 0.0 0.0 0.0 67.8 2.2
I
a m
m
m
m
m
m
n 0,0 20.3 48.5 24.6 6.6
b
'
n 0.0 30.6 41.9 2 7.6 0.0
l
C n 0-0 13.0 55.8 3l.2 0.0
d
'
n 9.0 35.2 30.6 12.0 13. 8.9
I
e n 6.6 2.3 58.8 29.9 2.3
f7 n 2l.3 3.7 47.5 18.9 8.6
g
'
n 0.0 38.2 47.5 l.0 13.3
h' n 5.0 39.5 46.5 9.0 0.0
■I
l n 3.0 13. 57.1 13. 13.
q 7
+ in 0.0 26.6 37.9 23.6 12.0
114
Nll m eric alilhlStr atio n relatedto Se e. 3.7.
Nu m erical illu stratio ns arepro vided fol
･
thethe ore m sin thepr evio us chaptel
･
･
Calculatio n s chem e
Qu adratic pr ogra m ming is e mployed for the c alc ulatio n of the c o effic e nts o nthe
repre se ntativ e v e cto rs･ For in cluded relatio ns betw e e ntw o c ol ra nts (n = 2) , qu adratic
progr a m m lnglS appliedasfわllo ws:
Under the constraints of in cluded relatio n s of Cl(h)≦C2(h) (∀h∈ H)
C2(h)≦Cl(h)(∀h∈ I1), and Ci(h)≦Co(h)(i - 1,2, ∀h∈ H),
C
L
･(h)= arg min
C
.(A) [l!1di]I
di -1I(xi･Y. , Zi卜h;ci(h,･ V,(h,Il
2
,
= Il: v ectordista n c e.
where
Or
(4.12)
For s ufrlCie ntly sm allv alu e of ど , ifthe opti miz atio n result deriv esdi < g(i = 12), a priori
condition s of Eq.(3･3) are s atisfied, a nd Ci(h)(i∈1, , ∀h∈ H) for anin cluded relation are
deriv ed.
For a >2 c olor ants
,
the s a m epro c edure with m athe m atic al indu ctio nis e mployed be c au se
the conditio n albranch e xists. In the pr o cedu reA
･
o mthe flrSt COlo ra nt to (n - I) c olor ant, a s s u m e
the existen ce of ヨi
*
∈ 1
〃 _1
Which w asdefin ed in Theor e m3･161 T he in cluded relatio nfor n -th
color antis deriv edasfわllo w s:
Fo ri = 1
,
2
,
the s a m epro c edu refor n = 2 is ap plied, a nd i
'
is deriv ed･ T he inde x i is
in cre m entd o n e by o n e, and under the c o nstraints of in cluded relatio ns of
c
t
･
･(h)≦ Ci(h)(2<i, ∀h∈ H) or Ci(h)≦Ci･(h)(2<i, ∀h∈ H), and Ci(h)≦Co(h),
ci(h)= arg min[d,.]･
C
L(A)
(4.13)
Ifthe optimiz atio n res ult deriv esdi < g, a Prio ri c o ndition s of Eq･(3･3) are s atisfied, a nd an
in cluded relatio n ca nbe deriv ed for i c olor ants . Where i
*
is updated by i when
ci(h)< Ci･(h)(∀h∈ H)in the in cre m e ntal st
ep of i ･ At i= n, the fln alr esult of a nin cluded
1 15
relatio nbetw e e n nc oldrantsin the o ngln alspa ceisderiv ed･
For sepa rated relatio n betw e e n n c olol
･a ntS
,
m athe m atic alindu ctio nis n ot e mployed
be ca u s e ofn on-e xiste n c e ofbr an ch c o ndito n s, a ndqu adraticprogr arr m nglS ap pliedasfollo w s:
n
under the co n straints of a sepa rated relatio n of (n - 1)c.(h)< ∑Ci(h) (∀h∈ H), a nd
f=l
c
j(h)≦Co(h)(i｡In, ∀h｡ H),
c
z
･(h)-
c
a
L7荒
min[gdL]･ (4.14)
If the opti miz atio n res ultderiv e sd,A < c (i∈ In), aprioric o nditio n s of Eq･(3･3)ar e s atisfied･ a nd a
sepa ratedrelation canbederiv ed･
In the follo wing illu stratio n s, the In n s ampling c mfs (CIE1 931[400,700])(n m) w ere
e mployed fo r ap pro xim ate existen c e ofideal c olor s olutio n s, a nd the repr esentativ e v e ctors o n
A
*
(h) ar elistedin Tables4.7 and 4.8 which w eredesign edtoha v e u nifor m v ectordistan c es･ ln this
c as e, the ongln a1 3 00dim en sio n s are shru nke nin the 4 0 dim en sion s･ The equ al e n ergy
illumin ant w as assu m ed for S(A). E = 0.1 in the illu stratio n s. In Tables4.7 and 4.8, e x･l, e x･2,
e x.3 a nd ex.4 co rrespo ndstollu stratio n1,illu stratio n2,Illu stratio n3 andllu str ation 4follo w lng･
Illu str atio n1
An illustr atio n of an in cluded relatio n is pr o vided･ n - 2 and
(xl,Yl,Zl)-(22･7,33･8, 0･2),(X2,Y2,Z2)-(69･4, 77･2, 0･7)･ As the r esult using the qu adr atic
progr arr -g m ethod described abo v e, e a ch stim ulu s v alue is repres ented u slng repr ese
ntativ e
v e cto rs asfollo w s:
(xい Yl,Z.)-望cl(h)･ V,.(h)
h=l
(x2,Y2,Z2)-望c2(h)･ V,(h)
h=l
c
,
I(h)(i∈(2):1isted in Table4･7･
where
(4.15)
The co e岱 cie nts s atisfy the relatio n of Cl(h)≦C2(h)(∀h), dl = 0･00053(< c), d,
= O1074(< 6)
andther e exists anincluded relatio n･ Figur e4･12 sho w sthe existen c e ofspe ctraltra n smittan ce s of
a nincludedrelatio nin the origin alspac e e xp andedfro mthe c o efrlCie nts Ci(h)(i∈I2)in Table 4･7
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wher ethe gr ay r egio n sho w sthe in cluded spe ctr altra nsmittan ce of(Xl,吊,Zl)A T he expan sionis
n ot u n lqu e a nd a nillustratio nis sho wn in Figu re4･12･ Underthe in cluded relatio n, the follo w ing
m axim u mbo u nds arederiv edbased on The ore m3.19.
(,epL･(A,)言
0.5
0
,m a x
= min[X” X2]= 22･7 ,
= min[y;.Y2]= 3318,
= min[Zl, Z2]= 0･2 .
4 0 0 5 00 80 0 了00 n m
Figu re4･12 Resultingide alcolorsinthe o rlg n alspa ceforIlustratio n1I
(4.16)
Dlu statio n2
An illu str atio n of a n in cluded relatio n is provi de ･ In th is illu str atio n, n = 3 and
(xl,Y.,Zl)-(22･7,33･8, 0･2) , (X2,Y2,Z2)-(69･4, 77･2, 0･7) , (X3,Y3,Z3)-(17 3, 22･9, 0･1) ･
ci(h)(i｡ I,) w erederiv ed u singthe qu adratic pr ogr ami ng m ethod for n >2, a nd listed in Table
4.7. The c o efrlCients s atisfy the r elatio n of C3(h)≦C.(h)≦C2(h)(∀h｡ H), d- = 0･00053(< c),
d2
= 0.074(< 8), d1 = 10
-12(< c) and ther e exists an in cluded relatio n･ Figure4･13 sho w sthe
e xiste n c e of spectraltr an s mittan cesof an in cluded relationin the o rlg n al spa ce wherethe gray
regio n sho w sthe in cluded spe ctr altr an s mittan c e of(X,,Y3,Z3)I Underthe in cluded relatio n･ the
117
follo wlng m axim u mbo unds ar ederiv ed bas edo nTheor e m3･2 0･
(lePi(1)万, m
(,91Pi(A,)p,m 訊
(l*1Pi(1,)i,m 拡
0.5
0
= min[Xl,X2,X3]=1 7･3,
= min[Yl,Y2,Y3]= 22･9,
= min[Zl,Z2,Z3]= 0･1 ･
4 00 50 0 6 0 0 70 0 n m
Figur e4･13 Res nltingide alcolorsin the or唱1n alspac efわrlllu stratio n2･
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(4.17)
Table4.7 Num ericalresults ofllu stratio n s1 a nd 2.
A }
*
(h)(n m
e x.1 e x.2
Co(A)Cl(A) C2(h) Cl(A) C2(h) C3(A)
1 400 0.00 0.000 0.0 0 0. 00 0.000 9.229
2 410 0.000 0.000 0.0 0 0.000 0. 00 4..615
3 415 0.000 0.00 0
.
000 0. 00 0.000 2769
4 418 0.000 0.000 0.00 0.000 0.000 2.7 69
5 421 0.00 0 0.00 0 0. 00 0.000 0. 00 1.846
6 423 0.000 0.000 0.000 0.0 0 0.000 1.846
7 425 0.0 0 0,000 0. 00 0.0 0 0. 0 0 1.84 6
8 427 0.0 0 0.000 0.0 0 0
.00 0.00 2.769
9 430 0,00 0.00 0.000 0.00 0.00 2.769
1 0 43 0-000 0.000 0,000 0.00 0.000 3.6 92
l l 437 0.00 0.000 0.000 0,000 0.00 24.919
12 464 0.000 0. 00 0.000 0.0 0 0.000 3.692
13 468 0.000 0.0 00 0.000 0.000 0.000 2.769
14 4 71 0.000 0.000 0.000 0.00 0.000 2.769
15 474 0.00 0.000 0.000 0. 00 0.000 2.769
16 477 0.00 0 0.000 0.0 0 0.0 0 0.0 00 3.692
17 481 0.000 0.000 0.0 0 0.000 0.000 3.692
18 485 0.000 0.000 0.00 0 0.000 0.0 0 4.615
19 490 0.000 0.000 0.0 0 0.0 00 0.000 5.538
20 496 0.000 0.000 0.0 0 0. 00 0. 0 6.460
21 503 0.000 0.000 0.00 0.00 0.000 6.460
2 2 510 0.0 00 0.00 0 0.00 0 0. 00 0.00 5,538
23 516 0.000 0.000 0.000 0.000 0.000 6.4 0
24 523 0.0 0 5.104 0.00 0 5.104 0.000 7.383
25 531 0.000 8.306 0.000 8.306 0.00 8.306
26 54 0 1.613 9.229 l.613 9.229 0.000 9.22 9
27 550 8.306 8.306 8.306 8.306 0. 00 8.30 6
28 559 8.306 8,306 8.306 8.306 8.306 8.306
29 568 7.383 7.383 7.3 83 7.383 7.383 7.383
30 576 8.306 8.306 8.306 8.306 8.306 8.306
31 585 l.306 9.229 l.306 9.229 0.000 9.2 29
32 595 0.000 10. 52 0.000 10.152 0.0 0 10.152
33 606 0.00 8.306 0.000 8.306 0.000 8.306
34 615 0.00 6.460 0.000 6.460 0.000 6.460
35 622 0,000 5.538 0.00 5.5 38 0.000 5.538
3 6 628 0.00 6.460 0. 0 0 6.4 60 0.000 6.4 60
37 635 0.000 0.866 0.000 0.8 6 0.000 6.4 60
38 642 0.0 0 0.00 0.000 0.0 0 0.000 8.30 6
39 651 0.000 0.000 0.000 0. 00; 0.000 ll.075
40 663 0.00 0.000 0.000 o.ooo; o.oo 35.071
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Llu siraiio n3
An ilu stratio n of s epa rated relatio n is pro vided･ n
= 2 a nd
(xl,ち,Zl)-(98.6,-94･8, 77･6),(X2,Y2,Z2)-(87･7, 6118,96･9) ,(Xo,Yo,Zo)
-(100･9, 100･ , 98･0) ･
ci(h)(i∈I2) w erederived u singthe qu adratic pr ogr a m ming m ethod･ a ndlistedin Table 4･8･ T he
2
c o efrlCie nts satisfy the relatio n of Co(h)< ∑Ci(h)' dl
= 10
-1 0(< c), d2 = 10
‾9 (< g)･ Figu re
i=1
4.1 4sho ws the e xiste n c e ofspe ctr altran smittan ce s of a s eparated relatio nin the o rlg n al space
wheretw ogr ayr egio ns show abs orptio nba nds of(Xi,Y･ ,Zi)(i∈ I2)･ Underthe s eparatedrelatio n
thefollow lngminim u mbo u nds are deriv edbasedo nThe or e m3･2 1A
(pl(A)･ p2(A)i,min - Xl ' X2 - Xo - 85･4,
(pl(A). p2(A),- , min - Yl ＋ Y2 - Yo - 56･6,
(pl(A). p2(A)亨,min - Zl' Z2 - Zo - 76･5 ･
0.5
0
4 00 500 600 70 0 n m
Figu re4･14 Resultingidealcolorsinthe o ngln alspa cefo rillu stratio n3･
(4.18)
Zllu sかaio n4
An ilhlStr atio n of sepa r ated relation is pro vided･ n = 3 a nd
(xl,Y.,Zl)-(99･0, 99･9, 88･9) ,(X2,Y2,Z2)-(100･0,93･9,8819) ,(X3,Y3･Z3)-(68･6, 70･8, 9719) ･
c
l
.(h)(i∈ I3) w er ederiv ed usingthe qu adratic progra mi ng m ethod, a ndlisted in Table 4･8･ T he
12 0
3
c o effic e nts s atisfy the relatio n of C[,(h)< ∑C,･(h) , dl = 4 ･10
-8 (< c) , d2 = H ｢
8(< g) ,
f=1
d, - 10
-8 (< c)I Figu re4･15sho w sthe e xisten c e ofspectraltra n smittan ces ofa s epar atedrelationin
the origin alspac e wher ethre egr ayregio n s sho w abs orptio nba nds of(X,.,Y,･ ,Zl)(i∈I,). underthe
s epar atedrelatio nthe folo w ing minim u mbo u nds arederiv ed basedo nThe ore m3.22.
0.5
0
3
= ∑Xi - 2Xo = 65.8,
/=1
3
= ∑Yi - 2 Yo = 64.6,
/=1
3
= ∑Zi - 2 Zo = 79.7 .
/=1
400 5 00 60 0 70 0 n m
Figu re4.1 5 Resultingide alcolorsinthe o ngln alspac efわrillu stratio n4･
12 1
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Table4.8 Nu m eric alre sults of Illu stration s3 a nd 4.
A }
*
(A)(n m
e x.3 e x.4
2 ･ Oo(h)Ol(h) C2(A)写c/(h) Cl(A) C2(A) C3(A) 写o/(h)
1 40 9,229 9.229 18.4 58 9.229 9.2 29 9.229 2 7.688 18.458
2 41 0 4.615 4.615 9.229 4.615 4.615 4.615 13.844 9.229
3 415 2.769 2.769 5, 38 1.531 2.769 2.769 7,06 9 5. 3 8
4 418 2.769 2.769 5.538 2.769 2.769 2.769 8.306 5.538
5 421 1.846 l.846 3.692 l.846 1.846 1.84 6 5. 38 3.692
6 423 1.846 1.8 46 3,692 1.846 l.846 l.846 5.5 38 3.69 2
7 425 1.846 1.846 3.692 0.00 1.84 6 1.846 3.692 3.69 2
8 4 27 2.769 2.769 5.538 0.79 2 2.769 2.76 9 6.329 5. 38
9 430 2.769 2.769 5.538 0.0 0 2.769 2.769 5.538 5.538
10 433 3.692 3.692 7.383 3.379 3,692 3.69 2 10 7 63 7.3 83
ll 437 24.919 24.919 49.838 24.919 24.919 24.919 74.757 49.838
12 464 3.692 3.69 2 7.383 3.692 3.692 3.692 1l.075 7.383
13 4 68 2.768 2.769 5. 37 2.769 2.769 2.769 8.306 5.538
14 4 71 0.001 2.769 2.769 2.769 2.769 2.7 69 8.306 5.538
15 474 0. 00 2.769 2.769 2.769 2.769 2.769 8.306 5.538
16 477 0.000 3.692 3.692 3.692 3.692 3.692 ll.075 7.383
17 481 0.000 3.692 3.692 3.692 3.692 3.692 ll.075 7.383
18 485 0. 0 4.615 4.615 4.615 0.000 4.615 9.229 9.229
19 490 0.0 0 5.538 5. 38 5.538 0.0 0 5. 38 ll.075 ll.075
20 496 0.000 6.460 6.460 6.460 0.0 0 6.460 12.921 12.921
21 503 6.4 0 6.460 12.921 6.4 0 0.000 6.460 12.9 21 12.921
22 510 5.538 5.538 1l,075 5.538 5.538 5.538 16.613 ll.075
23 516 6.460 6.460 12.921 6.460 6.460 6.460 19.381 12.921
24 523 7.383 0.0 0 7.383 7.383 7,383 7.383 22.1 50 1 4.767
25 531 8.306 0.000 8.306 8.306 8.306 8.306 24.919 16.613
26 540 9.229 0.000 9.229 9.22 9 9.229 9.229 27.688 18.4 58
27 550 8.306 0.0 0 8.306 8.306 8.30 6 8.306 24.919 1 6.6 13
28 559 8.306 0.000 83 068.306 8.306 8.248 24.860 16.613
29 568 7.383 7.383 14.767 7.383 7.383 0,0 0 14.7 67 14.767
30 576 8.306 8.306 16.613 8.306 8.306 0.000 16.613 16.61 3
31 585 9.229 9.229 18.458 9.229 9.229 0.000 18.458 18.458
32 595 10.152 10.152 20.3 4 10.1 52 10. 52 0.165 20.469 20.304
33 606 8.306 8.306 16.613 8.306 8.306 8.306 24.91 9 16.61 3
34 615 6.460 6.4 0 12.921 6.460 6.4 0 6.460 19.381 12.9 21
35 622 5.538 5.538 1l.075 5.538 5.538 5.538 16.613 1l.075
36 628 6.4 0 6.460 1 2.921 6.460 6.460 6.460 19.381 12.921
37 635 6.460 6.460 12.921 6.460 6.460 6.201 19. 22 12.921
38 642 8.306 8.306 16.613 8.306 8.306 8 306 24,919 16.613
39 651 ll.075 1l.075 22.150 1l.075 1 l.075 ll.0 75 33.225 22.150
40 663 35.07l 35.071 70.142 35.071 35.07l 35.071 1 05.213 70.14 2
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ILlu str ado n5
An illu stratio n ofn o n- e xisten c e ofin cluded r elatio n sis provided. In thisillustratio n, ” ≡ 2
and (Xl,耳, Zl)=(24･l,33･9,710) , (X2,Y2,Z2)=(69･4, 77.2, 0.7) . Under the c o n str aints of
c.(h)≦C,(h)(∀h∈ H), d - 10.O7(, L･) for(Xい Y.,Z,) a nd d- 10.08(' c) for(X2,Y2,Z2).
Under the c on straints of C2(h)≦C.(h)(∀h∈ H) , d = 9 93.21(> ど) for (Xい吊,Zl) and
d = 993･20(> E) fo r(X2,Y2,Z2). Thes e r es ults sho w that the co nditio n s of Eq.(3.3) are n ot
s atis.fled which implies D on -e xiste n c e of in cludedrelatio n sforthe co nditio ns oftheillu str atio n
lfs upplem e nted withprin ciple e xpla n atio n, indepe nde nt representativ e v e ctors ca n n ot be
des cribed e ach other, and existen ce ofindepe ndentrepres entativ e v ectorsindif托re ntstim ulu s v alu es
of n c olo rants c au s e n oi cludedrelatio n e xisten ce.
IILu slratz
.
on 6
Anilu str atio n ofn o n- e xiste n c e ofs epa rated relatio n sis provi de ･ ln thisilu stratio n, ” = 2
a nd (Xl,耳,Zl)I(98･6, 94･8, 77･6), (X2,Y2,Z2)=(88･3,84.6, 22.9). Under the c o n str aints of
co(h)< C.(h)＋C2(h)(∀h∈ H) , d = 1.44(> c) fo r (Xい Yl,Zl) a nd d= l.43(> E) f
l
o r
(x2,Y2,Z2).
Thes e res ults sho w that the c o nditio n s ofEq.(3.3) ar e n ot s atisfied which implies no n-
e xiste n ce ofsepa ratedrelatio nsfo rthe c o nditio ns oftheillustr atio n.
The seilu str atio n shelp u nderstandiI唱 Ofthethe o re m sinthepre vio us chapter.
Nll m e ric alilllStr atio n r elatedto See.3.9.
Nu m e ric alilhlStr atio n r elatedto T he o r e m3.25
Ass u m ethatonlytw o A v alu es arepossible as sho w nin Figu re4.16.
P
0
ーy ′ ､y‾
Al Å2
Figur e4.16
1 23
In this simple exa mple, a s s u m ethata c olo r m atchingfun ctio n 君(A) and anillu m
in ant S(A) ha v e
the s a m e w eightin thetw o regio ns, and(p(A)- 1(∀1) = 2 ･
tlusLraLio n1
Ass um e apriorigiv e n c o ndition s of(pl(A) - Xl - I a nd(p2(A) - X2 - 1･ Acc ordingto
The ore m3.25,both pl(A) a nd 1 - pl(A) ar e c o nsider ed･
【Co n sideratio nfo r pl(A)]
po ssible c as esfor pl(A) and p2(A) are asfollo w s:
pl(1)
p2(A)
β β
A m H/ 2 Åm ax
pl
(1)(A)
A
入 m a x/ 2 入 m a x
pl
(2)(A)
A
〟
1 m ax /2 入 m ax
A
〟
Å m ax/2 l m ax
A
p皇1)(A) P皇2)(A)
Figu re4･1 7
po ssible(p.(A)p2(A) v alu es aretw o v alu es(pl(A)p2(A) - X - 0 o r(pl(A)p2(A)
- X - 1･
co n sider(pl(1)p2(A) - X = O c ase･ T here exist tw o c ase ,
1)p.(A)- Pl(1)(A), P2(A)- P皇2)(A) c as e,
2)pl(A)= pl(2)(A), P2(A)= P皇1)(A) c as e･
12 4
con sider(p.(A)p2(A) - X - 1 ca se･
r
rhere exist tw o c ase s
,
1)pl(A)= pfl)(A), p2(i)= p去り(A) c as e,
2)pl(A)= p.
(2)(i), p,(i)= p皇2)(A) cas e.
X(= 0 orI)takesdis cret v alu es, a ndpr obabilitydistributio ns are c o nsideredin this c as e.
oni(pl(A),p2(A)i(p1.i,p2(i)=｡ , Pr ･(x - o)- 1/ 2(tota1 2c as es/tota1 4c ases),
on((pl(A)･p2(A)i(p.(i,p2(A)=1 , Pr ･(x - l)- 1/ 2(total 2c ases/tota1 4cas es)･
[Co n siderat.io nfor ト pl(A)]
Po ssible cas esfor ト pl(A) and p2(i) are asfollo w s:
ト pl(A)
p2(A)
β β
^ m 8X/ 2 Åm &x
ト pl
(1)
(i)
A
Å n｡ x/2 Å,ma x
ト pl
(2)(A)
A
(4,2 0. a)
(4.20.b)
P
入 m8 X/2 Å m a x
A
〟
Å m ｡×/ 2 入 m 8,
A
p皇1)(i) p主2)(A)
Figu re4.18
pos sible ((1 - p.(A)p2(A) v alu es aretw o v alu es ((i - pl(i) p2(i) - X - 0 or
((ト pl(i)p2(i) - X - l･
1 2 5
co nsider((ト pl(i)p2(A) - X - 0 c as e･ There existtw o c as es,
1)1 - p.(A)- ト pl
(1)(i), P,(1)- P皇1)(A) case,
2)ト pl(1)- 1 - p.
(2)(A), P2(A)- p皇2)(A) c ase ･
co nsider((1 - pl(A)p2(A) - X - 1 c ase･ There e xist tw o c ase s,
1)ト p,(A)- 1- p.(
2)(A), p2(A)- p皇1)(A) c ase,
2)ト pl(A)- トメl)(A), P2(A)- p皇2)(A) e ase l
on i(1- pl(A)p2(A)i((.- pl(1,)p2(A,)=. ,
Pr
′
･(x - 0)= 1/ 2(2 c as es/total 4c ases),
on‡(1 - pl(A)p2(A)((トpI(l”p2(A,)-1 ,
Pr
′
･(x - 1)= 1/ 2(2 c ases/total 4c ases)･
(4.21.a)
(4.2 1.b)
T he ce ntr oidis c alc ulated using probabilitydistribution s ofEqs･(4･2 0･ a)(4･20･b)(4･21･a)and
(4.2 1.也)asfわllo w s:
x
c e nt,
.
old
-(Pr.(x = 0)･ 0･ Pr ･(x - 1)･1･Pr･
'
(x - 0)･ 0･ Pr
'
(x - 1)･1)/2- 1/2 - X2/2･ (4･22)
wher edivide by 2 c orrespo nds to n or m aliz atio n ofthe twice integral in the w a v ele
ngth ra nge
佃robability o nthe w av el ngth r ange is l'1
-2forboth Pr･ and Pr
′
)･ Eq･(4･22)sho w sThe ore m
3.25.
Thefolo w ing{lgu re C O nflr m Sthe s ym etric alrelatio nbetween thetw opr obabi
lityden sity
functio n s of Pr. and Pr
'
. in illu stratio n1.
1 2 6
Pヱ･ .
1/2
1/2
Pr.
∫
1/2
I/2
Figu re4.I9 The sym m etric alrelatio n.
Illu stratio n2
Ass um e aprio rigiv e n c o nditio ns of(pl(A) = Xl - 2 a nd(p2(A) - X2 - I ･ Ac c ordingto
T he ore m3･25,both pl(i) a nd 1- pl(A) are c o n sider ed･
【Co n sideratio nfor pl(A)]
Possible c as esfor pl(i) and p2(A) ar e asfollo w s:
pl(A)
〟
A.na;
A
12 7
β2(A)
〟
1 ma x/ 2 Å n a x
p皇1)(A)
A
P
possible (pl(A)p2(A) v alu e is
A
1m ax /2 Åm ax
p皇2)(A)
Figu re4.20
o n e v alu e (pl(A)p2(A) - X - i
(pl(A)p2(A) - X - 1 (o nly X - 1 e xists)･ There exist tw o c as es,
1)pl(A), P2(A)- P皇1)(i) cas e,
2)pl(1), P2(A)- P皇
2)(A) cas e･
on ‡(pl(A),P2(1)i(pI(i,p2(A,)=. , Pr ･(x - 1)
= 1 (2 cas es/total 2c as es)･
[Co n sider atio nfor 1- pl(A)]
pos sible ca sesfor ト pl(A) and p2(1) are asfollo w s:
l l Pl(A)
β
Å m ｡x/2 A m ax
β β
入 m ax/ 2 Å m a x
p皇1)(A)
A
p2(A)
A
A ,n ay/2 入 m ax
p皇2)(A)
A
Figu re4･2 1
12 8
Co n sider
(4.23)
po ssible((ト pl(A)p2(i) v alueis o n e v alu efollo wing.
((ト p.(A)p2(A) - X - 0･
co nsider((ト p.(A) p2(A) - X - 0 (only X -()e xists). T her e e xisttw o c as es,
1)ト p.(A), p2(A)= p圭2)(A) c as e,
2)ト pl(1), p2(A)- p皇1)(A) c ase.
on‡(l - pl(A) p2(A)i((1- pJl,)p2( i,)=. , Pr
′
･(x - o)- 1(2 cas es'tota1 2c ases)･ (4･24)
The ce ntr oidis calc ulatedu sing probabilitydistributio ns of Eqs.(4.23)and(4.24)asfollo w s:
X
L
L
e nt,･(”
.
a
=(Pr･(x = 1)･1＋ Pr
′
(x = o)･ 0)/2= l/2 = X2/ 2.
(4.25)
wheredivide by 2 co rr espo nds to n or m aliz atio n ofthe twic eintegral in the w av ele ngth range
佃robability orlthe w a v ele ngth ra nge is l＋1- 2forboth Pr. a nd Pr
′
). Eq.(4.25)sho w sThe ore m
3.25.
Thefollo w ingfigure CO nflr m Sthe sym m etric alrelatio nbetw e e nthe tw oprobabilityde n slty
fu n ctio ns of Pr. a nd Pr' . in E
'
lhLStratio n2.
PI, .
'
1/2
1/2 1
Figure4.2 2 T he sym l-1etr.ic alrelatio n.
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Ntl m eric alinu stratio nrelated to T he orem s3･29)3･31!3･3 3a nd 3･34
The c mfs ofCIE 193 1(ln m)w ere e mployed, a ndn u m eric alc alc ulatio n w erep rfor m ed in the
w a v el ngthr ange of[400, 700](n m)･ Forillustratio nsI a nd2･tw oh undred pt･(A) w ere r ando mly
s elected and s atisfya giv e ntristim ulu s c o nditio n were e mployed for e a ch pi(A)(i - 1,23)･ For
simplicity ofthe shape, e a ch pi(A) has o nly tw o co n v e xparts of pl(i)
- 1I Equal e n erg y
ilu min ant is as su m ed in this n u m erical illu stratio n. X. =(p(A)- I)_ = 99.8l.r
y. -(p(A)- 1)ア ニ 100･ , and Zo
-(p(A)- 1)言 - 99･54A The err orsar e e v alu ated bas edon equ atio n s
of lOO･Fc e no.old - Xsi,A/ x.(%), 1 00･Iyc e nt, old - Y”･ ml/ yo(%), 100･tZc e 肋 ∫d - Zsiml/ zo(%) fo rX･ Y･
z a x e s
,
r e spectiv ely, whe re Xce nfo rid' Yce nlo 1･id, Zce niorid a r eC e ntrOids c alc ulated by u s
ing the
the o re m s
,
a nd X
sim , Ysim , Zsim a r e C e ntrOids deriv ed by u sing C O mPuter Sim ulation s
･ T ho ugh
c entorids Xsim , Ysinu Zsim a r e n ot the true v alu es a nd refere
n c e v alu es
,
the fo r m ulas c a nbe
c o nfirm edby uslngn u m eric al data･
zllu sかaLio nll relatedio The oye m3.29.
Tables4.9(a)through(c) sho w the results v erifying The ore m3･29 fo r n
= 2 I a nd o n e
dim en sio nal(X -a xis(a) or Y - a xis(b) or Z -a xis(c) n u m eric ally･ T he absolute erro rs again st
xIX2/Xo of Eq･(3･92) ar e O･05 %fo rthe minim u m, 5･67 %forthe m axim um , a nd l･77 % o
n
av er age which co nfir mTheore m3･29(Eq･(3･92))･ XIX2/Xo c anbe c alc ulatedeasily usingindices
ofthe tables and c anbe c o mpared with the v alu esin the tables･ The v alu esin the tables w ere
n o rm alizedby X. (the s a m ein the follo wingillu str ations)･ In the s a m e w ay for Y
- a xis
,
0･05 %
forthe minim u m, 3･10 %forthe m axim u m, a nd l･12 % on a v er age･ For Z
-a xis , 0･03 %fo rthe
minim u m, 7.91 % forthe m a xim um , a nd l･68 % o n a v erage･ In the err ors･ the effe ct of finite
s a mpling andap pro xim atio n errors arein cluded･
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Table4.9(a)
X2
1 0 20 30 40 50 60 70 80 90
10
20
30
40
Xl 50
60
70
80
90
2.19
3.58
37 1
3.93
4.39
4.70
4,99
5.84
7.89
6.41
7.35
8.07
9.13
10.03
ll.ll
13.17
16.72
10.46
12.42
1 4.81
17.04
19.79
23.17
26.83
16.45
20.42
24.47
28.65
32,84
367 3
2臥51
31.87
37.28
42.23
46.51
39.01
45.84
51,74
56
.
24
54.23
61.29
66.14
69.78
75.48 83.52
Table4.9(b)
30 40 60 80
3.34 5.85
30 3.73
4.30
7
.
30 I0.47
13.01
Yl 4.70
5.70
9.77
10.93
1 4.88
17.03
19.61
22.80
23.33
31.51
25.20
30.27
35.34
37.20
43.40 50.96
58.21
64.60
67.10
Table4.9(c)
Z2
10 20 30 40 50 60 70 80 90
10
20
30
40
Z- 50
60
70
80
90
2.06
3.16
3.53
4.14
4.95
6.00
6.1 4
7.27
8.37
6.45
8.01
8.74
9.65
ll.21
12.07
14.56
1了.36
12.25
13.42
14.72
16.59
20.06
2 3.60
26.95
17.17
20.37
23.85
28.82
32.99
36.84
26.25
31.55
37.77
42.29
46.40
3 8.67
45.46
50.68
55.73
57.10
62.4 3
66.75
69.91
75.67 84.38
m u sirado n2.･ r elatedlo The ore m3.29.
Tables4.10(a)thro ugh(i) sho w the res ults v erif^ng T he o rem 3･2 9fo r n
= 3
,
a nd o n e
dim en sio n al(X - a xis) n u m eric aly. The abs olute err os again st XIX 2X,/ X,子 of Eq･(3･9 2) ar e
o.oooo 7% forthe minim u m, 12.01 % fo rthe m a xim um, a nd 2･02 % o n av er age which c o nfir m
Theo re m3.27(Eq.(3.92)). The err ors are c a u sed &o m the s a m er e as on with l
'
lu str atio nl･ In the
s ame w ayfor Y - a xis, the errors again st KY2y3/y.
2
of Eq･(3･9 2) areO･01 %forthe minim u m,
6.85 %for the m axim um, and 1.15 % o n a v er aged For Z - axis, the erro rs areO･00001 %fo rthe
minim u m, ll.32% fo rthe m axim um , a nd 2･00 % o n a v er age･
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Table4.10(a)
X3 = 10
X2
10 20 30 40 50 60 70 80 90
10
20
30
40
Xl 50
60
70
80
90
0.6 0
0.92
0.87
0.87
0.94
0.97
0.96
1.ll
1.65
1.47
1.42
1.44
1.56
1.61
1.64
1.91
2.77
1.47
1.51
1.68
1.76
1.85
2.17
2.97
1.60
1 月0
l.92
2.03
2.38
3.18
2.07
2.21
2.37
2
.76
3.61
2.41
2.60
3.03
3.89
2.84
3.33
4.18
3.92
4.90 6.47
Table4.10(b)
X3 = 20
X2
10 20 30 40 50 60
7.21
70 80 90
20
30
Xl 50
70
2.48
2.53
2.61
2.86
3.04
3.43
3.68
3.34
3.80
4.16
4.4 2
4.85
7.89 ll.67
Table4.10(c)
X3= 30
X2
10 20 30 40 50 60 70 80 9 0
10
20
30
40
Xl
X3 = 40
50
60
70
80
90
3.96
4.42
5.19
5.了8
6.66
7.90
9.31
5.24
6.24
7.17
8.35
9.79
ll.26
Table4.1 0(d)
7.66
8.81
1 0.26
ll.94
13.55
10.32
12.10
14.05
15.72
1 4.33
16.65
18.43
19.48
21.58 24.56
X2
10 20 30 40 50 60 70 80 90
10
20
30
40
Xl 50
60
70
80
90
6.88
8.47
1 0.13
ll.89
1 3.68
15.24
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1 0.88
1 3.04
15.29
17.39
19.12
15.92
1 8.75
21.25
23.07
22.24
25.24
27.21
28.8 5
31.16 34.37
Table4.10(e)
X3= 50
Table4.10(f)
X3 = 60
135
Table4.10(g)
X3
= 70
X2
1 0 20 30 40
Table4.10(h)
Xl
X3 = 80
1 0
20
30
40
50
60
70
80
90
50 60 70
44.3 9
49.65
､
52.36
80
55.90
59.ll
90
63.25
X2
10 20 30 40
136
Xl
10
20
30
40
50
60
70
80
90
50 60 70 80
63.37
67.20
90
72.10
Table4.10(i)
X3= 90
ZLlu straiiof13I rela飴dto Tbe w e m3.3 1.
In thisilu stratio n, n = 2 and(Xい吊,Zl)≡(24･1, 33･9, 7･0),(X2,Y2,Z2)=(69･4, 77･2, 0･7)
(non -e xiste n c e ofin chLded relatio ns). R ando mly selected pi(A) expanded in ide al c olor spa ce
were c o nsidered. Fifty n u mber of pi(A)(i= 1,2) w ere co n sider ed for e a ch i, be c a usein thethree
dim en sio n s, e xist able pi(A) ar e r estrictedin co mparis o n with the o n edim en sio n･ The err ors
again st X-X,/ Xl= YIY2/ Yl) a nd ZIZ,/ Z() are 2･99 % fo r X
-a xis, 1･04 %for Y - a xis, a nd
3.31 %for Z -a xis,r e spe ctiv ely.
tZlu straio n4I fTelatedto The orTe m3.3 1.
h this illu str atio n, n = 3 a nd (Xl,Yl,Zl)I(22･7,3318,0･2) ,
(x2,Y2,Z2)-(69･4, 77･2, 0･7),(X,,Y3,Z,)-(17･3, 22･9, 0･l)(e xisten c e of in cluded relatio n s)I Fifty
n u mber of ra ndo mly s ele cted pi(A)(i = 1,2,3) fo r e ach i e xpa nded in ideal colo r space w ere
consider ed. The err ors again st XIXっX､/ X.冒, YIYユY,/ Yo
ユ
and Z
.
Z
2
Z
､
/Z
o
2
a r e3･78 %for X -a xis･
2.45 %for Y - a xis, a nd 3.53 %for Z - a xis, r e spectiv ely･
Throughthe e xperim ents,thethe o re m spr o v eni t
histhesis are c o nfir med also n u m eric ally･
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Illu stratio n5I relatedto The o re m3.33
Tables 4.ll(a)thro ugh(i) sho w the r es ults v erifying T he o re m3 3 3 for n = 3 ･ a nd o ne
dim en sio n al(X - a xis)n u 皿 eric ally. On ehundred n umber ofr a ndo mly s elected pcsi(A)(i - 1,2,3)
f.r e a ch i w ere c o nsidered. T he abs olute erro rsagain st XIX2X,/X.子 of Eq･(3･102)areO1001%
fo rthe minim tl m, 0.84 % forthe m a xim u m , a nd O･13 % o n a v erage which c o nfir m T he or e m
3.33(Eq.(3.10 2)). h the sa m e w ayfor Y -a xis, the errors ar eO･000 %for the minim u m, 0･57 %
fo rthe m axim u m, a nd O･14 %o n a v er age･ For Z -a xis, the err ors areO･0 00 %fo rthe minirn u m,
o.7 6 %fo rthe m a xim um , a nd 0.18 % on av erage･ The err ors ar e n or m alizedby J1
'
o
o r Y
n
o r
Z
o
･
Table4.I1(a)
X3= 10
X2
10 20 30 40 50 60 70 80 90
10
20
30
40
Xl 50
60
70
80
90
0.18
0.26
0.39
0.42
0.58
0.61
0.79
0.87
0.99
0.45
0.63
0.90
1.ll
1.32
1.46
1.65
1.93
1.09
1.34
1.69
1.91
2.15
2.48
2.78
1.了2
2.ll
2.48
2.81
3.30
3.65
2.54
3.03
3.57
4.02
4.61
3.67
4.24
4.81
5.43
4.89
5.51
6.21
6.37
7.21 7.97
1 38
Table4.11(b)
X3 = 20
X2
10 20 30 40 50 60 70 80 90
10
20
30
40
×1
X3= 30
50
60
70
80
90
0.91
1.35
1.77
2.24
2.52
2.96
3.31
3.74
l.96
2.60
3.22
3.78
4.33
4.83
5.54
3.31
4.17
4.91
5.70
6.42
7.25
Table 4.11(c)
5.ll
6.00
7.07
7.97
9.01
7.33
8.59
9.60
10.88
9.74
ll,01
12.51
127 3
14.36 16.03
X2
10 20 30 40 50 60 70 80 90
10
20
30
40
Xl 50
60
70
2.97
3.95
4.82
5.64
6.54
7.37
5.01
6.21
7.33
8.48
7.78
9.17
10.59
ll.98
10.94
12.70
1 4.39
16.21
14.53
16.51
18.74
Table4.11(d)
X3 = 4 0
X2
10 20 30 40 50 60 70 80 90
10
20
30
40
Xl
X3 = 50
50
60
70
80
90
6.48
8.14
9.6 6
ll.22
12.72
14.37
Table4.ll(e)
10.17
12.ll
14.03
15.94
17.99
1 4.51
16.96
19.1 8
21.62
19.58
22.22
25.14
25.4 4
2 8.77 32.22
X2
10 20 30 40
1 4 0
Xl
10
20
30
40
50
60
70
80
90
50
12.69
15.12
17.68
20.05
22.61
60
18.17
21.21
24.08
27.17
7 0
24.53
27.92
31.53
80
32.02
36.13
90
40.53
Table 4.I1(f)
X3 = 60
X2
10 20 30 40
Table4.11(g)
X-
X3= 70
10
20
30
40
50
60
70
80
90
50 60
22.19
25.78
29.08
32.82
70
29.60
33.71
3 8.09
80
38.57
43.55
90
48.88
14 1
Table4.1I(h)
X3 = 80
X2
10 20 30 40
Table 4.ll(i)
Xl
X3 = 90
10
20
30
40
50
60
70
80
90
50 60 70 80
51.70
58.14
90
65.45
X2
10 20 30 40
142
Xl
1 0
20
30
40
50
60
70
80
90
50 60 70 80 90
74.08
肋 stratio n6I relatedto The o re m3.34
In thisillu stratio n, n = 2 and(X.,Y,Z.)≡(24･1,33･9, 7･0),(X2,Y2,Z2)=(6 9･4, 77･2, 0･7)I
T hirtyn u mber of pt･(A)(i = 1,2) w er e c o nsidered for e a ch i,be c au s einthethre edim e n sio n s with
s m oth c o nstr aints ofspe ctraltr an s mittan c es, e xist able pcsi(A) are restricted･ The err ors against
X
I
X
2
/ X
(”
Y
I
Y
2
/耳, a nd ZIZ2/ Zo ar e3･55 % for X - a xis, 2･16 % for Y -a x is, a nd O･62 % for
Z - a xis, r e spe ctiv ely.
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5.A P P LIC A TI O N
so m e applic atio n s uslngthe results of C hapter3 arein cluded･
5.1.A N A L Y SIS A P P 1,I C ATI O N
5.I.1.P R IN C I PA L A X IS O FN O N-tJN IQtJEN E S S O F StJB T R A CT I V E C O L O R M I XT U R E
In thefollo w lng ex a mples, the pnncIPala xis whichis helpful fo rpr edictio n s o
fs ubtr activ e
c olormixtu reisin v estigated･
In the thre e-dim en sio n aldisc us sio n s, whenthe assu mptio ns Of T he o re m s3･20and 3･22are
s atisfied, the m axim u mbo und andthe minim u mbo u nd c a nbe c alculated uslng Simp
le algebr aic
fo rm ulas. A min - m a x v e cto rdire ctio nindic atestheprln CIPala xis ofn on - umqu e n es s ofa s ubtr a ctiv e
c olo rmixtu re, a ndv eryhelpful fo rpredictio n s ofthe r es ults ofsubtr active color mixtu re･
h Figur el･6, tw o c ol r s a mplesto be subtr activ ely mied s
atisfy the ass u mptio n s of
T heo re m s3.20and3.22, a ndthe c orrespo ndingthe m axim u mbo u nd andthe minim u mbo u nd
w ere
c alc ulated uslng The ore m s3･20and 3･22･ Fou r c ases in Figu rel･6 ar e
take up in thefolow lng
e x amples.
Ex a mple
ldealcolo rdefln edin C hapter1 is ass u m ed･ h thefollo w lng ex a mples,the ass u mptio n s
Of
The o re m s3.20and 3.22ar e c o n siste nt･ Color1 a nd Color2 indic ate tw o c olo rsto be mix ed
subtr activ ely･ T hetristim ulu s v alu es ofe a ch color areindic ated at theindex･
h the folo wing e x a mple s, tristim ulu s v ectors arer epr es ented u sing Eq･(3･7) whos e
c . efrlCients s atisfythe ass u mptio n s of T he or e m s3･2 0and 3･22･ Underthe repr ese ntativ e v e cto r
des cription, Xo = 100･87, Yo - 100･ 0, Zo - 9 8･01･
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塾 盛 上
Colo r1(X ,Y.Z)- (4 2.1 2, 1 9.9 1. 4 7.4 5)
Colo r2(x.y,Z)≡ (6 8.3 9, 8 4,9 4, 5 6,3 9)
M aLXim u mbo u 虫d(x,yl )- (42.1 2,1 9.9 1.4 7.45)
Minim u mbo und (x ,y,z) = (9.6 4. 4.8 5, 5･8 4)
Figu re5･1･ Colo rpatche s ofe x ∽ 1ple l･
The min _ m a xbo und dir ectio n sho w nh Figu r e5.2 indic ate s that str o71g n o d
- un iqu e n e ss
c xistsalo ng X - a xis and Z - axis･
P rin cipa) ax es:X- a xis.
Z -a xis
Figu re5･2 ･ M in - m ax dir e ctio n a ndprinclpalaxis･
1 45
量 感 j
Co一o rI(X. Y.Z)= (6 2.01､ 5 7.4 3,3 3.8 1)
｢コ
Colo r2(1 ,Y,Z)- (7 5,43. 73 .36. 9 0.6 7)
Ma xim u 皿bo u nd(x,yl) - (6 2.OJ. 5 7.4 3. 3 3.8])
M】血im u JT)bo u nd (x .y.z) - (3 6.5 7. 3 0.79. 2 6.48)
FiglP e5 3. Colo rpatches ofe x a mple 2･
T he min- m a xbo u nd dlre Ct10 n Sho w nin Figu re5.4 indic atesthat stro ng D o n- u n iqu e n e s s
e xists along X - a xis a nd Y -a xis･
Prin clpal aLX e S 二X - a xis,
Y -a xis
Figu re5.4. Min - m a xdire ctiot) andprln Clpalaxis .
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也Colo r1(X ,Y,Z) - (533 6, 4 4.5 8, 4 5.71)
Colo r2(X ,Y,Z)- (9 0.O l. 8 6.0 4, 5&.8 5)
M axim Ll mbo u nd(x.y1)- (5 3.3 6, 4 4.5 8. 4 5.7 I)
Minim tJ mbo u nd(x,y,z)- (4 2.5 8, 3 0.6 2, 6.56)
Fi糾 r e5.5. Colo rpatctl eS Ofe x a mple3I
nLC m山 一 m a xbo und directio n sho w nin Figu r e5.6 in dic ate s that str o ng n oJl-L n Lqu e n eSS
e xists aloTlg Z -a x I S･
Prin c)palaxis:Z-a xis
Figu re5･6･ 仙in - m a xdir e ction a ndp血 cIPalaxis･
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辿Colo r1(‾X,Y,Z) - (2 L.6 8. 15.54. 5 8.4 9I
Colo r2(x,Yl )- (8 3.72, 9 5.1 9, 60.32)
MaLXim u mbo u nd(x,yzJ - (2 l.6 8. L5.54. 5 8.4 9 )
M inim um bo u TLd(x, y,z)= (4.5 3, 1 0.73. 2 0.8 1)
Fig ∬ e 5.7･ Colo rpatches ofe x a mple 4.
T he miJl - m 2L Xbo u nd dir e ct10 r -ho w n h Figu re5.8 iTldl C ateS that .Stro ng n o n- u n iqu e n e ss
exists alo Jlg Z - a x is.
Pr)rl C IPalaxis:Z- a xis
Figu re5･8･ Min- m a xdir e ctio n a ndprin c IPala3(is･
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Tho ugh. the redo n ot e xist str o ng dire ctio n s of n o n- u n lqu e n e SSfor a)1 case s. the dire ctio n
includesimpo rtBLntinfo r m atio nfo r v a n o u spr a ctic ala n alys es･ The o r e n s and fo r m ula s relatedto tlle
m a xim u mbo u nd and the miniJn umbo Ⅶ1dar ehelpfu l fo rpra ctic al an alys es 1
5.I.2.A N A l-Y SIS MET H OD O FS PE C TR A LT RA NSM r T A N C EO F S U B T RAC TIVE
MA TE R IAL
The c e ntr oid is the o ngln Of an obje ctive evalu atio n ofsubtra ctive c olor mixtu fe, be c a u sethe
c e ntr oidis the e xpe cted a v e rage ofthe alle xist able spe ctr altran smittBLn C e S S atisfyingthe c o n straint
ove rC hapte r3･
E王a mPIe
Analyz ed c olo r a mts w er eto n erA a nd to n erB o n atra n spar e nt She et. T he spe ctral
tr an smitta n c es w er e m e as u r ed u sing M u r akami M P C M S-T A 4type spe ctrophoto m ete r under D 65
illu 皿血Ia nt.
To n e rA
Figu re 5 .9(a)O) (c)sho w the m e as u r edspe ctraltr a n smitta n c e s of Cya n(C), M age nta(” )
and Yello w(Y), re spe ctiv ely.
Figu r es.9(a)Cya n
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B lO
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1
'
u/.
Figu r e5･9(ち)M age nta
Figl} re5.9(c)YeHo w
1 50
Figu r e5･10sho ws the tn stim ulu s v alu e s ofthe ce rLt Oids ofse c o nda n e s c alc ulatedthe or etic ally, a nd
m e as u r ed s e c o nda rie s of MY, y C a nd C M . h Figur es5.10 and 5.1 2 follo w mg, the red cir cle.
the gre e n cir cle a nd the blu e cir cle in dic ate m e as u red M Y -s e c o nda ry, γC -s ec o ndary, a nd
C M -s e c o ndary, r e spe ctively. T he white cir cle s are the c e ntr oids c alc ulated the o r etic a]ly u sing the
c entroidfb 皿 ula.
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[The o reticalc e ntroid]
M Y:(44.4,32.7, 18.8)
YC:(38.5, 55.5.28.4)
CM:(2 6.5. 2 1.0, 58.2)
【M e a suredcentr oid]
M Y:(4 5.0,35.4, 16.7)
Y C:(2 7.8. 4 8.0, 30.4)
C M:(24.7, 2 1.Ⅰ, 6 0.3)
Figu re5.10 The o r eticalc e ntroidc o o rdin ate and m e as u red c o o rd inated
Fr o m Figu re5.10, it c a nbe c o n cluded that To n e rA has the n e utral ch2Lra Cte ristlCfo r
s e c o ndary st)btra ctiv e c ol r mixtu re.
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To m er β
Figu re s51I1(a)(b)(c)sho w the m e a s u red spe ctraltra n smitta nces ofCyaJl(C), M ager[ta( M )
aLnd Yelo w (Y), re spe ctiv ely･ Figu r e5･12 sho w s the tnstim ulu s valu e s of the c erLt Oids of
s e c o n血rle S C alc uLated theo r etic ally, a nd m e a su red s e c o ndarie s of M Y, Y C and C M ･
1.00
0.90
O B O
0,70
0.80
0 .5 0
0,40
0.3E)
0 .2 O
3 8(】4 0 0 4 2 0 4 4 0 4BC48 0 50 O5 20 54 0 56 O 58D 600 8 20 848 660 68 0 700 72O
Figu res･II(a)Cyarl
1 52
Figu r es.I1(ち)M agetlta
Figu r es.)I(c)Yeuo w
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X
【The o retlC alc e ntr oidl
MY:(3 7.2.2 5.7. t2.3)
Y C:(2 6.9, 40.3. 19.0)
C M:(1 8.4, 1 5.5, 5 0.21
【Me as u red c e ntroid]
M Y:(35.8,2 4.9, 10.0)
YC:(23.2. 38.2. 2 1,0)
C M:(17.8, 1 2.5, 4 7.3)
Figu r e5.I2T he o retic alc erltr Oidc o o rdin ate a nd m e a s u redc o o rdin ate .
Fro mFigu re5.1 2, it c anbe c o n cluded that the m e as u red co o rdin ate s ar e S m allerthaLnthe
the o retically calc ulated c e ntroids, andTo n e rB ha s s mallerga m ut char acteristicill C O mPa ris o nwith
the n e utral.
5.2. DE S IGN A P P LI CATIO N
Adesign m ethod ofspectraltr an smittaLIC efo r s ubtra ctiv e TTlateriaJ isde sc nbed･
TtLe C e ntrOidis the o ngln Of an obje ctive evaltユatio r1 0f
-
s ubtra ctiv e c ol r mixttJr e. On
refe re n c e ofthe c e ntr oid
,
血te nded design s of spe ctraltT an Smitta n ce s s atisfy1ng target tnStim ulu s
valu es relativ eto the c e ntt･ojds a te eJl ab ed.
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Ex & mpJe
Spectr altr an smitta n c es ofCya n(C), M age nta(M)a nd Yeuo w(Y) w eredesign ed u sing the
c e ntr oid. The de sign ta rget w a sthe c e ntoidplu s a n offs etfo r e a ch secondary c olo r･ The spectral
tr arlSmitta n c e sw e re repre s e nted by u sing Pn n C IPal c oznpo n e nts . Prl n CIPal c o mpo n ents w e re
e xtr a cted fo r e a chc olo r antu sing spectr altraLrLSmittanc es ofeightr e alc olo r ants .
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冒
ヨ
Theparam eters sho uldbe optimized al
･
ethe co efrlCie nts o nthepn n cIPalc o mpo n ents, andthe
co stfu nctionincludingtheparam etersis asfollo w s:
3
F = 芦
ノ=1[(x,,j＋. - Xt arget2,j)
2
･(Ti.ノ.1 - Yta rge12J)
2
I(zj,j.I - Z(a rget2,j)
2
･(x, - x(a rgcll,j)
2
･(T,I - Yt argetlJ.)
2
十(Z, - Zta rgetl,)
2
]
(5.=
where
j :(= l,2,3) color ant inde x, (j = 1(C), j = 2(M), j= 3(Y), j = 4 c orr espo nds to
ノ = =,
(∬ノ,㌔, Zノ):tristim ulu s v alu es c alc ulatedu singtheprin cipalc o叩 O n e nt m Odel･
(x,a rg 叫/, YtargeEl.j, Zla rge(1,]):target tristim ulu s v alu es ofprim aries.
(x,arge(2J･ , Yt a,geE2,j, Z,a,geE2,j):target mitim ulus v alues ofs ec ondaries,
-(xc eni,o ,･d,j,YL･en(,Old,j,Zcent,old,j)＋(X 鰍 j, Yqg.i･et,j, Z(,5.i.et,j),
(xL･en(rot･d･j,Yce nt,･oidJ,Zee ,,lr oL･d ･j)半賢母,ff〕,
(xj,j.I,Yj,ノ＋l･Zj,i.1): tristim ulus v alu es ofsubtractive color mitur ebetw ee nj a nd j'1
u slngthepn n clpalc oI叩 O n ent m Odel･
也 this ex a mple,
(xE argetl,1, Yta ,getl,1, Z(a rgetl,1)=(32･0, 48･0,92･0),
(x(a ,ge,1,2, Y( argetl,2, Z(a ,geil,2)-(48･0, 31･0, 63･0),
(x,a ,getl,3 , Yta ,getl,3, Zta ,ge(1,3)-(73･0･85･0･16･0)･
(x(4Ti.etJ, Yobs.e(,” ZQG:5.et,-)=(･5, 十5, ＋10),
(x聯 e,,2 , Y(, 鰍 2, Z肺 et,2)-(＋5, ･5, '20),
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(x 卿 .TI, Yqp'se..3 1 Z｡Q.it,,..1)=(＋5. ＋1 0･ 十 20)･
Co efrlCie nts ofthe prln CIPal c o mpo n e nts w er e optlmiz ed u slng the sim ulated aLn rl e aLlng
explain ed in C hapte r4. T
- l(iJlitialte mpe ratu r e), T- 0(fin alte mperatu r e) and △T = J O1
3
･Fo r e a ch
te mper a一打 e, IO
3
n- -her ofiter atio n s w erep rforrn ed･ The m odified step ofthe pa ra m eter w a s
10-2
†
and m odifiedpa ra m ete rs w ere s ele ct d u sing a r ando m n u mber.
Figu re s5.14(a)(b)(c)sho w the re s ultaJlt SPe C血1tra n smittaLn C e S Of C . ” aLld Y･Figur e
5.15 sho w sthe (X, Y,Z) c o o rdl n ate S Ofthe s e c o n血ries which appro xim ate sthe targettrlStim ulu s
valu e s.
Figu r e5.14(a)De sign ed CyaLl･
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Figu r e5.14仲)D esign edM age nt乱
Figu re5.14(c)De sign ed Yello w･
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[The o retic a]c e ntroid]
MY:(3 S.l,2 7.2, 9.8)
Y C:(2 5.7, 4 1,5, 14.5)
C M:(17.0. 15.I. 53,8)
[De sign ed]
M Y:(4 2.7. 3 1.6. 23.6)
Y C:(2 7.0, 45.3, 43.7)
C M:(25.5, 29,5, 73.9)
[Design edofrset]
MY:(4.6,4 .4, 13.8)
Y C:(1.3,3.8, 29.2)
C M:(8.5. 14.4. 2 0.1)
Figu re5･15 The o r etic alc e ntr oidc o o rdin ate a nd designedc o o rdin ate.
Fro mFigu re5･1 5a nd the nu m eric altable,it c a nbe sai d tha the de sign ed c e ntr oids alr n o st
satisfythe target offsets, andthe ga m ut of the s e c omiry in the tn stl m ulu s spa c eha sbe e nde sign ed
large rthanthe n e utralasinte ndedin the subtr activ e c ol r mkttJr edesign･
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6. GENER AL CON C L USIO N
The attra ctio n ofthe tricbro m atic c olo r visio n, additiv e c ol rpn n ciple andst血ractiv e c ol r
prin ciple date backto the se v e nte enth and eighte e nth c e nturiesI Tho ugh c olor mixtu rehaslo ng
histo ry, there re m ain so m e ess e ntialproble m s which ha v e n otbee n s olv ed u ntiln o w. In thisthesis,
s o m e u n s olv edpr oble m s relatedto c olor mixture w eredis c uss ed･ Thepu re m athe m atic alappr o aches
su cc essfully s olv ed the pr oble m s witho ut a mbigu ltleS. T he dis cu ssion s w erein the for m s of
theo re m s andfわr m ulas.
A ditiv e col r mixtur eisbas ed o ntheprln Ciples oftricbr o m acy, Grass m an n
'
sla w s a ndc olor
m atchingfu n ctio n s･ ln th isthesis,the o retic ala n alysis Ofcolor m atching fun ctio n s which isthebasis
ofadditiv e c ol r mixtu re re ceiv dthe fo cu s. There w erediscussion sfo r ea ch c ase ofc mfwhich are
apr10 rlg V e n,but there w er e n odis c ussio n s ofthe com m o n characteristics o verthe s etbeca us eofa
lack ofageneralfor m ula ofc mfs u ntiln o w.
A differ entialge o m etry appr o ach m ade po sible thederivationofa ge n eralform ula ofc mfs.
A di甜汀entialgeom etry ap pro a ch in which a specialc oordin ate system thatcha nges alo ng a cu rv e
w as e mployed forthe mathe m atic al m odeling ofthe chro m aticitydiagr am con v e xitydepending on
c mfs. The ap pro a ch deriv edthe differe ntial equ atio n which c anbe solv edin the 舟 am e w ork of
d
'
A le mbert's for m ula. As the s olutio n of d'Ale mbert's fo rm ula, the gen eral fo rm ula w asderiv ed.
T he m athe m aticalto ols of difFe rentialgeom etry and d
'A le mbert'sfo rm ula s u c cessfully m odeled the
proble m, a nd allo wedsolution to pr evio u sly un s olv edproble m s.
Usingthe gen e ralform ula, 1)Effects ofsm o othn es or n o n-s m o othn ess ofc mfcu rv esto the
c o n v exity ofchr o m aticitydiagrams, 2)Relatio nbetw e e n chro m aticitydiagra m s a ndthe chro m aticity
c o o rdin ate, 3)E ffe cts of s a mpling inte rv als on c mfs, w e r e a n alyz ed･ Figure6･1 sho w sthe
interrelatio n shipsbetw e enthethe ore m sin Chapter2･ The arr o wimpliesthatatheor e mis abasis or
has an effctfor othertheo re m s. T he set oftheore m shav e clo seinterr elatio nships ea ch other, a nd
syste m atiz e c mfs which ar ethebasis ofadditv ecolo rmixture asthe s et･
Ge n e r al
Fo r m ula
2.1
2
.
2
2.3
2.4
Figure6･1 Interrelatio n shipsbetw ee nthe ore m sin C hapter2･
Tbeo rem 2.1 w asderiv ed uslng the general fわr m ula, a ndindic ated 血at there aretw o
n e c ess ary c o nditio n sthat allcolor m atching fun ction s ar e s m o oth fun ctio ns･ o r allc olor m atching
fun ctio n s are n o n-s m o oth fun ctio n s underthe assu mptio n ofc o n v e xity Ofthe chr o m aticlty diagT a m･
Thisis a n e wkno wledge relatedto c olor m atchingfunctio n s.
161
AIsoby u slng 也ege neral fb- ulain T he o re m2･2,it w as sho w nthat the orthogo n aldir ectio n
distan c ebetw e enthe y- a xis and a chr o m aticitydiagram c an n otbe co mpletely zerothe oretic ally
皿derthe ass u叩 tio n ofcbr om aticlty diagra m c o n v exity･ A gen erally a cc eptedbypotbesis r elatedto
也e relatio n betw e en c血om aticity diagr a m s a nd the chro m aticlty C O O rdinate w as pro ven
the o retically.
startingB
･
o mthetheore m sforthe ongln alc olorm atchingfu n ctio n s witho uts a mpling effe cts,
T he o re m s2 3 and 2.4 relatedto s a mpling effe cts o nthe wa v ele ngth ra nge w er epr o vided･ Witho ut
thegen eralfor m ula,it w o uldbeimpos sibleto deriv ethe new kn o wledge･ ItisdifrlCult to distinguish
the effects ofs a mplinginte rv als a ndthe effe ct ofs m o othnes s o r n o n
-s m o othn e ss ofc mfc u rv esin
experim e ntallyderiv edc mfs･ Thethe or etic alan alysts S eparatedthese efe cts･
The ge n eral for m ula will be a str o ngto ol for v ario usproble m s r elatedto c mfs which ar ethe
basis ofadditiv e c ol rmixture.
A dditiv e c ol r miⅩture r esults 丘o m the miⅩtu re of coloredlight, wllile subtr activ e c ol r
mixtu re res ults 丘o m superimpo slng absorptio n m edia, s u ch as col ring m aterials and c olorfilters･ It
is c o n sidered that understanding the chara cteristics ofthe tristim ulu s valu es of c olors obtain ed by
subtra ctiv e col rmixtu reis n ote asy, c o mpar ed withthos e obtain edby additive c olo rmixtu re, sin c e
the relation shipbetw e en superimpo s edabs oq?tio n m edia andthetristim ulus v alu esis n otsimple･
h this thesis, on the ass umptio n ofthe La mbert-Be erLa w for s ubtra ctive c ol r mixture,
s e v e r althe or e m s regarding也etdstim ulu s v alu es ofc olo rs obtain ed bys ubtra ctiv e c ol r血 xtu re are
pro v en･ Gen erally, ln S ubtr activ e c ol r miⅩture, the res ultant tristim ulu s v alu es are n ot u n lqu ely
determin ed 丘o m c o mpon ent tristim ulus v alu es･ He n c e, a n alysis regarding the m axim u m a nd the
minim um tristim ulu s v alu es ar e v ery I mportant tO u nderstand the po ssible ra nge s oftristim ulus
v alu es ofsubtractiv e c ol r mixtu re. h ad ditio nto thes epar a m eters, the c e ntr oidofs ubtra ctiv e c ol r
m ktu reisimpo rtantpar a m eter.
T he un s olv edproble m s relatedto s ubtr activ e col r mixtur e w ere1)Minim u m a nd m a xim u m
bo undaries ofsubtra ctiv e c ol r mixtu re a nd 2)Ce ntr oidofsubtr activ e c ol r mixtu re. This thesis
pr o vided theo re m s andformulas relatedto thes eiss u es. Thefollow ingfigu r e sho w sinterr elatio n s
betw ee ntbe oreTnS.
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Figu re6.2 Interrelatio n sbipsbetw e e nthe ore m sin C b叩ter3･
The set ofthe or e m shav e clo s einterrelatio n sbips each other, a nd syste m atiz e subtr activ e c ol r
mixtur e asthe s et.
T be or e m s3.1 and 3.2 deriv edthe m axim u mbo u nd equ ation fわride alc olor, a nd T he ore m s
3.3 and 3.4 deriv edthe minim u mbo u nd equ atio nfわridealc olor. Atte ntion sho uld be paidtothat the
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bo undaries ofide alc olo r aredes cribed in simplelin e ar equ atio n sin thethe ore m s･
The ore m s3.5 a nd3.6describedthe relatio n sbetw ee nthe m a xim u mbo unds fo ride alc olor
andgen eralcolor ants･ It･w as pro v enthat the m axim u mbo u nd fo rgen eralc o
lo ra ntsis s m allerthan
the maxim u mbo und fo rideal color underthe co n straint oftristim ulus v alu esfo r e ach c olo ra nt a
pn O nglV e n･
Theo re m s3.9 and3.1 0 des cribedthe r elatio nsbetw ee nthe minim u mbo unds fo ride alc olo r
andge n er alc olor ants･ It w aspro v e nthat the minim u mbo u ndsfo rthe ge n eralcolo
r antsislargertha n
the minim u mbo undforide al c olor underthe c o n straint oftristim ulu s v alu e sfor e ach color ant a
pn o nglV e n･ 也 T be or e 皿 S3･9 and3･10, T heor e m s3･7 and 3･8 whichare relatedto c o
mple m e ntary of
spe ctr altr an smittan c efunction s w ere e mployed･
T he or e m3.11 describedthe relationbetw e e nthe m axim u mbo u nds forgen eralc olora nts and
re alistic c olo r ants･ It w aspr ov enthat the m axim u mbo und for re alistic c olo ra nts is s m alerthanthe
m axim u mbo u ndfわr generalc olor antl mderthe c o n str aint oftristim ulu s v alu e sfわr e ach colora nt a
pn o n glV en･ T he or e m3･12 des cdbed the relatio n betw e e nthe minim u m bo u nds fわr ge n
er al
c olor ants andr e alistic c olor ants･ It w aspro v e nthat the minim um bo u nd fo r r e alistic c olo ra nts is
largerthan the minim u mbo undforgen er al c olor ant underthe c on straint oftristim ulus v alu esfor
e ach c olo rant apn o nglV en･
T be ore m s3.1 3and 3.14 w ere relatedto min - m a xle ngthfわride alc olor.
T he ore m s3.15and 3.1 6w er e relatedtoin cludedrelatio n, a nd T he ore m s3.17a nd 3.18w ere
relatedto s epa ratedrelatio ninthetristim ulu s v e ctor spac e･
T he or e m s3.19and 3.20deriv edthe m axim u mbou ndfo ride alc olo r, and The ore m s3.2 1a nd
3.22 deriv ed the minim u mbo und fo rideal c olo rin the tristim ulus v e ctor spa ce. T he o re m3･23
deriv edthe relatio n sbetw e e nthe m a xim u mbo unds oftheide alc olo r, ge n eralcolor andre alcolor･
T he o re m3.24 deriv ed血e relatio n sbetw ee nthe minim u mbo u nds ofthe ide alc olor, gen eral c olor
and r eal c olor. Related to The ore m s3.23and3.24, c o n site n cy with the optim alc olo rtheory has
be enpr o v e n･ The dis c u ssio n sin the the ore m s are ge n er aliz atio n s ofthe optl m alc olo rthe o ryinto
s ubtra ctiv e c ol r mixtu re.
Thesetheo re m s e n ablethedis cu ssio n sforthe minim um bo u nd andthe m a xim u mbo u nd in
thetristim ulu s v ecto r spa ce, a nd als o c ontributedto the c entroid disc u ssio n sin thetristim ulu s v ecto r
spa c ein the follo w lng the ore m s･
Fro mT he ore m3･25thr o ughThe or e m3･34,the c entr oid w asdis c ussed･ The ore m s3125, 3･2 6,
3.2 7, 3･2 8, 3･30and 3･3 2w erepreparatio n sfわrthe m ain r esults ofT he orem s3･29, 3･31, 3･33and
3.34. h Theo re m s3･25
,
3･30a nd 3･32
,
sy mm etric alr elatio n sbetw ee nprobabilityde nsityfu n ctio n s
w as utiliz edfo rderivingthe fo rm ula ofthe c e ntr oidofEqs･(3･92),(3･99),(3tl O2) and a nd(3･1 03)I It
w as difrlC ult to m odelthe probabilityden sityfu n ctio n s e xplicitly, a nd witho ut the m odeling, the
for m ula ofthe c entroid w asderiv ed by us lngthe s ym etric alrelatio ns.
164
T he iIⅥpO rta nt r esult deriv ed is that the ce ntr oid of resultant tristim ulu s v alu esis
ap pro xim ately r epres entedin the m ultiplic atio nfわr mbetw e el-glV en C O mpO n ent tristim ulu s values･
This holds fo ride al c olo l･, ge n er al colo ra nts a nd fo r re alistic c olora nts. This m ultiplicatio n
c orrespo ndsto the additio nin additiv e c ol r mixture･ ColormiⅩtu rehasthe sy mm etric alstructurein
which additio nis for additiv e c ol r mixtu re a nd m ultiplic atio nisfor subtra ctiv e c ol rmixtu re.
T he results c o ntributeto w arda c o mprehen siv e lT10deling ofs ubtra ctiv e c ol r mixtur e. In the
dis c ussions, m athe m atic al des criptio ns ofsc atterlng physic aleHe cts will be co n sidered as afuture
pr oble m, though,the u n s olv edproble m shav e n otbe e ndis c u ssed v e nin the simplestfra m e w ork of
La mbert- BeerLa w u ntilthisthesis.
In Chapter5, s o m e applic atio n s which indic ated pr actic al utility ofthe theor e m s and the
for m ulasinC hapter3ha v ebe e nin cluded･
The r esults ofthis thesis are esse ntial and c o ntribute to w ard a syste m atiz atio n of c olor
mixturein thehistory.
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A P P E ND IX: E S T I M A TI O N OF C O L O R M A T C ⅢIN G F 町N C T‡O N S
26,2 7
A.1.IN T R OD tJC TI O N
T he estim atio n m ethod fe atu res e xperim entaldata of m eta m eric pair deriv edby vis u alc olo r
m atching, optimiz atio nbas ed o n a u nifo r m c olor spa ce u slng the e xperim ental data, a nd rigid
也eor etic al ba ckgro u ndprovidedin theo re m s andchar acteristicinthefbllo w lngS eCtio n･
This s a s o m u chsimplifledestim atio nfor ro ugh andre ady c mfs ofanindividu alobs e rverin
c o mparis o n withpast estim ation s･ T his is an estim ation of c mfs of anindividu al obse rver uslng
m eta m edc pairde血vedby visu al color m atching ontw o di飴 re nt o utputdevic es･ T he optimizatio n
ofthe m odelis perfo rmed using a qu adr atic c ostfunctionbas ed o n a u nifo r m c olo r spa ce ･ T he
optimiz atio n m ethod is n otrestrictedto the v ariatio n m ethod orlgln ally appliedto m eta m erin re
f
･
28), and als othe qu adr atic progra mi ngin Chapter4 c anbe e mployed with the s a m ebo u nda ry
c ondito n s.
T he underlying ass umptionforthe optimiz atio nisthat the optl m um C mfs willpredict thatthe
integr ated c o n e respo n ses of a m eta m eric palr are equ al･ Fe atu r es ofthe opti miz atio n arethat the
c olor diffe ren cein a meta m eric palr C anbe optimiz ed to 0 at a bo u ndary c o nditio nin the
opti miz atio n a ndthe s m o othn ess ofthe m odified c mfs res ults 丘o m the c o st fu n ction ofthe le ast
m e an squ ar e ofm odifiedvalu es･
In the e xperim ents, m eta m erdata s o u rc es w ere obtain ed&o m fourindividu als･ The vis u al
e xperim ent w asdesignedto perfo rm a c olor m atch betw e e n ahard c opyc ard and an additv e
mixing device･ T he integr ated c on e respo n s es of a m eta m eric pair arenot equ al when these
m eta m ers ar e e v alu atedbythe CIE cmfs be c a us e of the differ en c eb tw e enthe CIEc mfs andtho se
oftheindividu al obse rver. The colordifferen c ein the m eta m erdatahasbe ende cr e as edto A E= 0
withthe m odifiedc mfspredictingthe c mfs of theindividu alobs e rv er･
A.2.D E R IV I N G O P T I M A L C O L O R- M A T C H I NG F U N C TI O NS
Thetristim ulu s v alu es X,Y,Z ofan obje ct- c olor stim ulu s aregiv e n aSfollo w s:
X - ∑po(1)S(1)君(A)A1,
A
Y = ∑oo(A)S(A)yll)Aス,
Ja
Z = ∑po(A)S(A)言(A)A ll
1
(A.1)
x
-
(A),y
-
(A),言(A) are c mfs of the CIE 1 931standard c olo rim etric obs e rv er･ The produ ct
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p,,(A)s(A) definesthe obje cトc olor stim ulu s･
Tw o obje cts with differe ntspe ctralrefle cta n c efun ctio n s, po(A) and p:(A), giv eris eto
m eta m eric stim uliwhenillu min ated by S(A) iftheir c orrespo nding tristim ulu s v alu es, X ,Y,Z
a nd X
'
,Y
'
,Z
'
a r e equ alasfollo w s:
∑po(A)s(A)x
-
(A)AA ≡ ∑p(
I
,
(A)s(A)方(A)Aん
1 ,1
∑po(A)s(A)y
-
(A)AA ≡ ∑p(
I
,
(A)s(A)ylA)A A, (A.2)
A 1
∑p(,(1)s(A)言(A)A 1I ∑p,
I
(A)s(A)言(A)A 1.
,1 1
The m ethod for optlmizlngthe c mfs ofa nindividu al observ er uslngthe v ariatio n m ethodis
pres e nted belo w. The underlying ass u mptio nforthe optimiz atio nisthat optim u m c mfs willpr edict
that the integrated c o n e respo n sesto a m eta m eric palr are equ al. For c o n v e nien ce, symbols are
defin edasfollows:
ql(A)= 言(A), q2(A)= y
-
(A), q)(A)= 言(A),
q(A)-(q.(A), q2(A), q3(A)
I
,
J(A)= po(A)s(A)･
Let qt
T(A)(i = 1,2,3) bethe m odifiedc mfs witha v ariation ter m Aqi(A)(i= 1,2,3)I
qlT(A)= q,A(A)＋Aqi(A)(i = 1,2,3),
q
*
(A)-(ql*(A), q2*(A), q,*(1)
t
,
Aq(A)-(Aql(i), Aq2(A), Aq,(A)
∫
･
(A.3)
(A.4)
Let pL
'
(i), Co
m(A) be a spe ctr al reflecta n c e of a refer en cedata and that of a m eta m erdata,
r e spe ctiv ely. The diffe re n c ebetw e e nthe refere n c e a nd the m eta m er obje ct colo r stim uli is as
fわllo w s:
A J(A)≡ p(
I
,
.
(A)s(A)- p,;'
'(A)s(A)A
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(A.5)
Thetristim ulu s v alu es of A /(A) relatedto qlT(A) arethe ngiv e nby
Ql? -(A J(A)･ql?(A)(i - 1,2,3)･
Co n straints areimpos edo nEq.(A･6)･
A.3.D E S C R IP T IO N O F TI‡EQtJA D R A T IC COS T F U N C TI O N
c F(Aq)I ∑cf(△q(A)A1,
A
cf(Aq(A): c o stfun ctio nfor ea ch l･ At Aq = O the minim u m,
C F(Aq): c o stfun ctio nforthe entire w av ele ngthr anger
where
The cf fun ctio nis e xpanded using a Taylor e xpa n sio n as
cft(△q(A) - cf(q(A) ･∇cf(q(A))Aq(A)･与(Aq(1)t H(q(A)Aq(A),
･cf(q(1,)-〔響 晋 潮
t
-(cfql(q,,Cfq2(q,,Cfq3(q,)
i
,
a2cf(q) a
2
cf(q) a
2
cf(q)
H(q)=
aqlaql aqlaq2 aqlaq3
a2cf(q) a
2
cf(q) a
2
cf(q)
aq2aql aq2aq2 aq2aq3
a2cf(q) a
2
cf(q) a
2
cf(q)
aq3aql aq3aq2 aq3aq3
Hessia n m atrix .
Ⅵ血ere
(A.6)
(■A.7)
(A.8)
T he c o stfun ctio nisderiv ed co n sideringthe CIE L
*
a
*
b
*
c olo r spa ce oftheperceptio n Ofc olor
differe n c esbytheh um anvis u alsyste m.
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エ - 116g〔号〕-16 ,
a - 500(g(i)- g(i]),
b - 200(g(i)- g(i)･
I
r3
g(〟)-
16
7.78 7r ＋ -
116
jbr r > 0.00885 6,
jar r≦ 0.008856.
(A.9)
The c ost fu n ctio n m e as ul･e Sthe CIE L
*
a
*
b
坤
s e n sitivlty depe nding o n v ariatio n sin the CIE
1 93 lc mfs asfollo w s:
cf(Aq(A) = cfl(Aq(A) 十 cf2(Aq(A)
-‡(AL)2 .(Aa)十(A b)2‡. w‡(Aq.(A)2 ･(Aq2(A)2 ･(Aq,(A)
2
)
-[‡116g(
十[500‡g〔
･[200(g〔
q2(A)＋△q2(i)
Y
n
ql(A)十Aql
X
u
(i)
〕十(116g〔
)i
q2(A)＋ △q2(1)
㌔
q2(A)
q2(A)
Y
n
＋ △q2(i)
㌔
〕- g〔
〕捕
)- 500(g[
q3(1)＋Aq3(A)
Z
J‡
十w((Aql(A)
2
･(Aq2(A)
2
･(Aq,(A)
2)
where w(0< w)is a c o efficie ntinthe c ostfu n ctio n.
ql(A)
Xn〕‾ g〔q2(A)YB〕‡]
2
(A.10)
〕ト200‡g〔q2(A)YH〕- g〔q3(A)Zn〕‡]
2
The first te rm cfl(Aq(i) in Eq･(A.10) is forthe L
*
a
*
b
*
s e n sitivity a nd the se c ond ter m
cf2(△q(i) in Eq･(A ･10)isfo rthe s m o othne ss ofthe m odified c mfs I Equ ation(A･10)is e xpa nded
u singthe Taylor e xpan sio n asfollo w s:
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cft(△q(A) = 116
2[dg(r)dr
＋5 00
2
十 200
2
[
[.
Aq2(A)
,
･
=q2(A)′Y,.
Y
n]
2
警1, =ql(i,/X,
Aq
k
'
n
A'
Aq2(A)
Y
l,
dg(r)
dr
dg(r)
dr
･w[(Aql(A)2 十(Aq2(1)
2
十(Aq3(1)
2]･
The Hessian m atriⅩ ofthe costfun ctio nis c alc ulated asfollows:
H(q(1) ≡
r =q2(A)/Y,.
r =q3(i)/Z,.
〔貰〕
2
〔雷〔#]
2
･ w -諾雷〔貿〕雷〔貿〕
500
2
X
n
Y
n
i(#)i(#)116
2
＋5002 十 200
2
y
n
2
20 0
2
Y
n
Z
n
('A.ll)
朝
2
･朝
2
〔雷〔朝 ･ w 一驚雷〔
i(#)i(#)
Thefirstderiv ativ e ofthe co stfun ctio nis asfollo w s :
(#(i(
q2(A)
㌔
q3(A)
Z
〃
)i(q3(A)Z′∫〕
)
2
･ w
(A.1 2)
･cf(q(1,)-〔欝 讐,讐〕
f
-(cfql(q,, Cfq2(q,, Cfq3(q,)
(
-(0,0, 0,･ (A･13,
The Hessian m atriⅩ(Eq.(A .12))is semipositiv efor any q(A), as sho w nin C har acteristic 1
in the n extchapter s othetru n c atedco stfun ctio n(Eq.(A.8))is c o n v ex basedon The o re m s1 a nd 2 in
血 e fblo w lngSection.
A.4.T ⅡEOR E M A ND C ⅡA R A C T E R IS T IC26(C D R O Mv e r･)
The relatio nshipbetw ee nthe Hessia n m atrix ofthe c o st fun ctio n a nd the c o n v e xlty Ofthe
c o stfun ctio nhasbee ndiscu ss edc o n v entio n ally. T he relatio nshipbetw e enthe Hessia n m atrix ofthe
o ngln alc ostfun ctio n andthe c on v e xlty Ofthetru n c ated c ostfun ctio n e mployed inthisthesishas n ot
bee ndis cu ss ed･ T he ore m sA.1 andA.2 des cribethe relatio n ship.
172
T he the o re m s and char a cteristic are c o m m o nto v ario us optl miz atio ns with qu adratic c o st
fu n ctio ns.
Defin itio n
A m atriⅩ M isderln edto be s e m lPO Sitiv eif O≦q
l
Mq, ∀q･
[Tbeo re mA.1]
IftheI-Iessian m atrix ofthe c o stfu n ctio nis s e m lpOSitiv e at
of Aq valu es aro u nd q in which the tru n c ated c ost fu n ction
indic atesthede･fin edr angeforthetr un c ated c ostfu n ctio n 'ft(q).
q(q∈ R),ther e e xists a regio n
(
･f;(q)is c oT” e X, Where R
Pro of
Usinga Taylo r e xpa nsio nbas ed o nthe a v eragingthe o re m,the c o stfu n ctio n cf is des cribed
asfbllo w s:
cf(q
,
)- cf(q･Aq)- cf(q)･∇q[(q)Aq ･与(Aq)
t
H(Tq
'
･(I - r)q)Aql ヨr(0< T <1), (A･.4)
where
/
Aq= q - q ,
I :Para m eter Ofthe a v er agingthe ore m･
On the otherha nd,the Taylor e xpan sion withahigh order edter m Rn is asfollo w s:
4(q
,
)- cf(q)･∇cf(q)Aq･与(Aq)IH(q)Aq･ Rn ･
T he R
,i
te r m C a nbe calc ulated u singEqs･(A･14)and(A･15),
(A.15)
RD =(△q)I(H(q
'
＋(1 - I)qトH(q))Aq/ 2･ (A･16)
T he Hessian m atrix ofthe c o stfun ctio n cf is semipositive at q a ndthefollowing equ ado nholds:
o ≦与(Aq)LH(q)Aq ･
T hefollo wingrelatio n ship can be deriv ed u singEqs･(A･15)a nd(A･17),
1 73
(A.17)
cf(q
′
)≧ cf(q)＋∇cf(q)△q＋Rn
For ea ch v alu e of q
'
= ql
r
, q
'
= q;(ql
'
< q< q;),
cf(q.
I
)≧ cf(q)･∇cf(q)Aql･RLl),
cf(q;)≧ cf(q)＋Vcf(q)△q2･ Ri2),
′
Aql = ql
-
q,
′
Aq2 = q2
-
q･
where
T he w eightedco mbin atio n ofEqs･(A･I9) and(A･20)is:
aq(ql
,
)･(1 - a)cf(q;)≧ cf(q)･ ∇cf(q)(mql
'
･(. - 0)q;- q)･(wR£1)十(.- a)R!
2'),
∃a,(o< a,<1, q - a,ql
r
･(ト o)q;)･
By applyingthe relatio n q = 叫1
'
＋(1 - a )q;in Eq.(A.21),thefollo wing equ atio nisderiv ed‥
吋(ql
'
)･(ト o)cf(q;)≧cf(叫1
'
･(1 -)q;)･(aR,(1)＋(I - a)R!2)),
andthe v alu es of Aql, Aq2 V alu es whichs atisfythe r elation arefo und o ut:
(A.18)
(A,1 9)
(A.20)
(A.21)
(A .22)
La,R!1)･(1- a,)R£字)I≦l 材(ql')＋(1 -)cf(q;卜cf(叫.'･(1 - a ,)q;)A･ (A･23)
In Eq.(A･24), the order of △ql,Aq2 0 nthele允side ofEq･(A･23)istw o o rdershighertha nthe o rder
of Aql,Aq2 0n the right side of Eq.(A.23). For sufrlCiently s m all Aql,Aq2 V alu e s, Eq･(A ･23)is
174
s atisrled. Based o nthe r elatio n shipin Eq.(A.23), R,(z
l)
, RL2) ter m s c a nbeign or ed witho ut changing
the relatio n shipin Eq.(A.22), andthe folowingrelatio nholds:
aqt(ql
'
)＋(ト a,)cft(q;)≧cf(叫1
'
･(1- a,)q;)･ (A･24)
sin c e cf(q)= cft(q), cf(aq.
'
十(1 - a)q;)= qft(aq.
'
＋(ト a,)q;) holds. Ther efore, the follo wing
r elatio nisde血v ed:
a k;
tf;(q.
I
)＋(1 - LV)(I,(q;)≧ cj;(aql
'
＋(1 - a,)q;)･ (A･25)
T he r elatio nin Eq.(A.2 5)is the c o ndito n of c o n v exityfo rthe fu n ctio n cf at q , a nd v ario us
Aqh Aq2 V alu es c o n stru cta regio n aro u nd q in whichthe c o stfuJICtio nis co n v ex･
[Theorem A.2]
Ifthe tru n cated c o stfu n ctio n g,(q)is c o n v e x at a c o ordin ate q, the 日essian m atrix of
the co st fun ctio nis s e m lPOSitiv e at the c o ordin ate q ･
Pr o of
Bas ed o nthe assumption ofthetheor e m a ndo nthe defin itio n of cft ,
r cj;(qlト(ト T)cft(q2)≧ cj;(Tql＋(1 - I)q2)
41(q2＋ 1(ql - q2)
- cf(q2)･iVcf(q2)(ql - q2)･喜T(ql - q2)H(q2)I(ql - q2)I
Bythe m odific atio n of Eq.(A .26),the follo wing equ atio nisderiv ed,
(A.2 6)
･(cfl(q.)- Cft(q2)≧iVcf(q2)(ql - q2)･与T(ql - q2)H(q2)I(ql - q2), (A･27)
a nddivided by I ,
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(cft(ql)- Cfl(q2)≧ ∇cf(q,)(q. - q2)･与(ql - q2)H(q2)I(ql - q2)･
Underthe c onditio n of T う 0,thefollo w lngequ atio nis deriv ed:
(cft(ql卜cfi(q2)≧∇q(q2)(ql - q2)I
Let q” q2 be ql = q＋ Aq, q2 = q, andEq･(A ･29)bec o m es:
cft(q十Aq)≧cfl(q)＋∇cf(q)Aq,
and cfl(q)= Cf(q),Eq.(A･3 0)be c o m es asfollo w s:
cft(q＋Aq)≧ cf(q)＋ ∇cf(q)Aq･
The Taylor expan sio n oftheleftside of Eq･(A･31)is
cfl(q･Aq)- cf(q)･Vcf(q)△q･与(△q)
i
H(q)Aq･
Fr o mEqs.(A.31)and(A .32),也efわllo wingr elatio n shipisderiv ed:
o≦与(Aq)tH(q)Aq,
and H(q)be co m e s s emipo sitiv e･
[Chara cteristic A.1]
T he Hessian m atrix ofEq.(A.12)is s emipositiv efor a ny v alu e of q ･
Pr oof
wllere
The Hessian m atrix H ofEq.(A .1 2)is dec o mpo sed asfollo w s:
H = Hl＋ H2,
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(A.2 8)
(A.2 9)
(A.30)
(A.3 1)
(A.32)
(A.3 3)
(A .34)
H2 =
〟 0 0
0 α) 0
0 0 α)
Itis w ell kn o w nthat, u s lng a n Orthogon al m atrix S , a s ymm etric al m atrix M c anbetra nsfo rm ed
to adiago nalm atrix S
E
M S･The m atrix Hl is a symm etric al m atrix a nd c anbe tr an sfo rm edto a
diago n alm atrix asfollo w s:
(s(A)
I
Hl(A)S(A)-
vl(A) 0 0
0 v2(i) 0
0 0 v](A)
The e v alu ationfu n ctio nis c alc ulated byEq.(A .35)asfollo w s:
(q*(A)iHl(A)q*(A)-(q(A)i(s(A)IH.(A)s(A)q(A)-去vi(lXqi(A))2,
q
*
(A)- S(A)q(A)-(ql
*
(A), q芸(A), q,
～
(A)
(
I
where
h Eq.(A.36), q
*
(A)takes a ny v alu e.
T he m atrix Hl hasthe follo w ing m atrix ele m ents:
Hl(q(A) -
where
Hll(A)H12(A) H13(A)
H21(A)H22(A)H23(i)
H31(A)H32(A)H33(A)
Hll(A,-(貰〕
2
〔雷〔#)
2
,
H12(A,- -叢書〔晋〕群料
H13(A)= 0,
H2.( ”-%i(#)i(#),
17
(A.3 5)
(A.36)
(A.3 7)
H22(i)
116
2
＋ 500
2
十200
2
y
n
2
200
2
dgH2](A)= - - -Y
n
Z
n
dr
H31(A)= 0,
〔雷〔1#)]
2
,
(#)i(#),
H32(i,- -諾雷〔讐〕雷〔讐〕,
H33(見塘〕
2
〔雷〔#)
2
･
Using the eli min atio n m ethod, the m atrix ele m e nts othe rthanthe diago n al ele m e nts are
eli min ated
,
a ndthediago n alele m ents arederiv ed asfollo w s:
vl(A)- H.1,
v2(1)-(HllH22H3, -(H12)2H,3 -(H,2)2H..)/ H.1H3,,
v3(1)≡ H33.
(A.3 8)
The eli min atio n pro c edur e c orrespo nds to the tran sfo r m atio n m atrix S . If e ach
vl(A), v2(A), v,(A)is gr e aterthan 0 or equ als 0, the fun ctio n of Eq.(A.3 6)is gre atertha n 0
or equ als 0 . Apparently, v.(A)= Hll a nd v3(A)= H33 aregre ater tha n 0 o r equ al 0 . The
v alu e of v2(A)is c alc ulatedasfollo w s:
v2(1)-(HllH22H33 -(H12)
2
H33
-(H32)
2
Hll)/ HllH33
5002 120 02 ･1162
x
n
2y
n
2z
n
2[i(#)]
2
(i(#])
2
(i(#)
2
/(Hll･ H33,,
'A'3 9'
a nd v2(A)is als ogre aterth an O or equals 0 . Hen ce,the fun ctio n of Eq.(A .36)isgre aterth an 0
o r equ als 0, andthe c o ndito nfor se m lPOSitiv eis s atisfled･
Appar ently, H2 is a se m lPO Sitiv e matrix･ The s u mm atio n oftw o s e m lPO Sitiv e m atric esis a
se m lPO Sitiv e m atrix;therefore,the Hessian m atrix H ispr o v edtobe s e mlPOSitive ･
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A.5.OP TI M I Z A 甘I O N
In this chapter, the v ariatio n m ethod is e mployed. The optimiz atio n m ethod is n otre stricted
to the v ariatio n m ethod, a nd alsothe qu adr aticprogra m m lngin Chapter4 c anbe e mployed withthe
s a m e c o n straints orbo u ndaⅣ c o nditio ns.
[Co n str aints o nthe v ariatio n m etbod]
AQL. -(A J(A)･ q,r(A)- c o n sti(giv en)(i - I,23).
[Co n straint with u nkn o wnpara m eters ofthe v ariatio n m ethod]
a.i.pt･LU(A)･ q,T(A) - const･
FLL･(i ≡ 1,2,3):Lagra ngian u nkn own par a m eters,
wher e
and thefollo w ing Lagrangefu n ctionisderiv ed･
[Lagr ange fun ctio n ofthe v ariatio n m ethod]
F = C F- 2co nst
= ∑fA A
1
= ∑
A
= ∑
A
[cf( Aq(A,卜2,;1PLA](A,･ q;(ヰ
[cf(q(A,)･去△qi(lkfqi(q(l”･i(△q(L”
E
H(q(1”Aq(A,- 2孟pt･AHA,･qLb,fl
(A.40)
(A.4 1)
-*f(q(A) .与(AqE･(A,)
t
H(q(l”△q(l卜2去(piAnl,-与cfqi(q(A,)〕Aqi(1,- 2真pi-(A,.qi(A,fl
-*f(q(A)･i(Aq(A)
i
H(q(1)Aq(A)- 2 V'りAq(A)- 2V'
2'
q(～,
(A.42)
where
f: Lagr ange fun ctio n ofthe v ariatio n m ethod for e ach A ,
F: Lagr angefun ctio n ofthe v ariatio n m ethodfor allw av elengths,
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v(
1'(A)-(vl'
l'
(A),V2
'1'(A),V,
'1'(A)
i
-(- (1,＋fql(q(A) , p2A J(lトicfq2(q(l”, p3A J(A,-ic:fb3(q(l”〕
l
,
v'2'(A)-(vl'2'(A), V2'2)(1), V3'2'(1)
i
-(PIAJ(A), p2A J(A), FbLU(1) ･
A m odified v alu e Aq isindepende nt of q and, based o n Eq.(A .42), the follo wing equ atio nis
de血v ed:
坐 - H(q(A)Aq(A)- 2V(
I)(A)- 0･
Aq
Equ atio n(A･40)is c o n v erted asfわllo w s:
(A7(i)･ Aqi(A) - co nst;,
const;- c o nsti -(AJ(1)･qi(A) ･
where
(A.4 3)
(A .44)
By eli min ating Aqi(1)(i = 1,2,3)in Eqs･(A･43) and(A .4 4), a lin e ar equ atio n ofthe para m eters
FLi(i = 1,2,3)arederiv ed. Bys olvingthe equatio nforthe para m etersF[i(i= l,2,3)the Aq v alu e
andthe m odified c mfs arederiv ed asfollo w s:
△q(A)- 2 H
‾ 1
(q(1)v(
1)(A), (A,4 5)
qlT(A)= qi(A)＋Aqi(A) (i - 1,2,3). (A.46)
A.6. E X P E R I M E N T S
A .6.1. Experim ental DataSo ur ce
sha w and Fairchild29･3 0design ed a vis u al experim ent to allo w obs e rv ersto perfo r m vis u al
1 80
c olorm atchingbetw e en a n e utralgr ay c ard of L
＋
= 5 0 cre ated with a Fujix Pictr ography3 00c olor
pdnter, a nd a nA C S VCS 10additv e mix lng de vice. The A C S V C S 10c o nsits ofs ev e n c olored
dis cs, al r otating athigh spe edto stim ulate a n addit v eintegralvis u alrespo n s e･ The proportio n s of
e a ch c olored disc are adju stedby a n obse rv er usingthe co ntrolsto sim ulatethe stim uli. T he view lng
bo oth had bothnu or esc e ntdaylight a nd in c andesc e ntillu min ationto vie wthe c olors. The se v en
dis csinthe A C S V C S 10w ere white
,
r ed
,gree n,blue, yello w,pu rple a ndbla ck･ Independe ntco ntrol
w as allo w ed o n anythre epri m aries ata ny o n etim e usingthe co ntrolpan el･ T hego alw asto ge n erate
a m eta m eric m atchbetw e e nthe stim ulia ndthe threeprlmaries･ O fthe fiv e col r edpri m ary dis cs,
threeprim aries w ere cho s en : red,gr ee n a ndblu e(R G B).
T hetotaln u mbe r ofobse rv ers w asfo ur･ Allobse rv ers claim edto ha v e n or m alc olo r visio n
,
but this w as n ot tested･ T he m atchirlg
･fieldw as8c mx9c m , s ubtending a vis u al a ngle of T ･
O bs e rv ers w ere s e atd3 0 in chesfl･O m the stim ulia nd askedto m ake an e x act m atchto the gr ay
c ard u slng O nlythe thre epl
'
1 m a ries spe cified. W he n a colo r m atch w as a chie v ed, a P hotoRes e ar ch
P R 650w as us edto ln e aS urethe spe ctralradia n c e ofthe meta merfr o mthe obs e rv er
'
s a ngle ofvie w.
T his w as co n sidered v ery I mpo rtant du eto the a ngularproperties ofthe color ed discs, whereby a
c olor m atch w asperc eiv ed as adiffere nt color when vie w ed fr o m adiffere nta ngle･ Ea ch obse rv er
w as askedto r epeat the expedm e nt1 0tim es.
The pre cisio n and a cc ur a cy ofthe PhotoRes e arch w as n ot tested･ A pr evio us ev alu atio n
perfor m ed by A lfvin a nd Fair child
32 indic ated that the syste m atic a nd r ando m errors ass o ciated
withthein stru m e nt w er e minim ala nda cc eptablefo rthepurpo se ofthis res earch.
A.6.2.O P T I M IZ A TI O NOFCM F S
In optim lZlng C mfs, the m eta m erdatain s ectio nA ･6･l･ w e r e e mployed･ T he e xperim e ntal
data w ere within a c o m m o n w av elengthra nge of4 0 0n m-700n m(in 5n m steps). The spe ctru mdata
for e a ch obs e rv er w er e a v eragedto redu c e e xperim ental n oise. In the eEIPerim e nts, the c mfs ofthe
C IE 1931standard colo rim etric obs e rv e r w ere tlSed asth standardr efere n ceto deriv ethe m odified
c mfs opti miz ed to anindividu al obse rv er. T he c o st fun ctio n of se ctio n A.3 w as e mployed. The
w eighting c o effic e nt w as LVI 1 0
2
.
Figu resA･1- A ･4 sho wthe m odified c mfsfor obs e rv ers1-4, r e spe ctively. In the opti miz atio n
of Figu resA.1-A .4,the c o n straint of Eq.(A.4 0) w asimpo s ed o nthe v ariatio n m ethod a nd c o nsti- 0,
(i- 1,2,3) for A E= 0. Figu reA .1 depicts alm ost the s a m e c mfs asthe CIE 1931c mfs. In Figure
A.2
,
e x c ept forthe change in the w a v ele ngth range 丘
･
o m 550n m -700n m in the m odified z
-
(A)
fun ction, the m odifed c mfs aresm o oth and realistic. In Figu re A .3, altho ugh there is a
n o n-n egligible differen c ein the w a v elength r ange 丘o m 64 0n m-700n m in the m odified yl1)
fun ctio n
,
the m odified c mfs are re alistic. In Figu reA.4, the m odified 君(1) fun ctio nisthe s a m e as
the CIE 193 1z
-
(A), e x c eptforthe slightdifferen ceinthe w a v ele ngthr angefr o m660n m-70 0n m.
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A.6.3.D IS C 町SSI O N
In ge n er al, the proble m studiedherehas v ery large dim e n sio n ality(61)in the w a v elength
r ange &o m 4 00n m
-700n m(in 5n m steps)･ Itis n ot e asy to deter min ethe optim als olution ･ In the
optimiz atio n,theproble mis c o n str ain ed byEq.(A.4 0). Thelinkage ofall dim e nsio n sisdescribedby
lin e ar equ ation s ofEq.(A.4 0), so the optimiz atio npr oble m is repla c ed by a lin early co mbin ed
m ultidim e nsio n alpr oble mthathas only partial differe ntials operating O nthe co stfu nction abo uto n e
par a m eterin cluded in the s ol11tio n舟a m e w ork. T he elimin atio n ofcr os ster m sin partialdifferentials
m akesthepropos edm ethodsimpleto s olv e andsu cc essful.
h optimiz atio npr oble m s, ther eis o鮎 n di岱c ultyin distinguishingbetw een e xperim ental
erro r andthe optlmizatio n erro r. In the pr opo sed optimiz atio n m ethod, A E= 0 is c ertain andthus,
the opti miz atio n erro r c anbe n egle cted a nd o nly experim e ntalerrorisin cluded in the res ults･ This
te clm iqu e c anbe r epeated a cr os s a n u mber of m eta m eric m atchesto obtain ago od statistic al
estim ate of anindividu al obse rv er's c mfs. T he s olutio n ofthe m ethod has a n u nbiased property
again stthe c mfs ofa nindividu alobs e rv erbas edo n expectatio n s･
A.7.C O N C L V SI O N
The opti miz ed estim atio n ofthe c mfs of individu als hasbe endes cribed･ M eta m erdata
deriv ed by visu alc olo r m atching w as e mployed asthe s o ur cedata. The u nderlying assu mptio nfor
the optimiz atio nis that the opti m u m C mfs willpredict that theintegr ated c o n e respo n s esto a
m eta m edcpalr are equ al.
A fe atu re ofthe optimiz atio nisthat the c olordifFere n c ein a m et am eric pair C a nbe opti miz ed
to 0 at thebo undary c ondito n. Using a umifor m c olor spac e w e c o n stru cted the estim atio n m odel
which are appro xim ated by a qu adratic m odel. T he optimiz atio n ofthe m odel w asperfo r m ed uslng
the qu adratic optimiz atio n 丘a m e w ork. T he or etic al aspe cts ofthe c mf optimiz atio ndes cribedin
the or e m s andchara cteristics ar e als o stress ed.
The m odifledc mfsfor obse rv er1 w ere alm ost the s a m e astheCIE 19 31c mfs. Fo r obs e rv er
2
,
e x c eptfo rthe flu ctu atio nin the w av elengthr ange fro m 550n m-700n m in the m odifled 吉(A)
fun ctio n
,
the m odifled c mfs w ere s m o oth and re alistic. For obs e rv er3
,
although ther e w as a
n o n-n egligiblediffere n c ein the w av ele ngth ra nge of 64 0n m-7 00n min the m odified yl1) fun ctio n,
the m odifled c mfs w ere re alistic. For obs e rv er4
,
the m odifled I
-
(A)fu n ctio n w asthe s a m e asthe
CIE 1 93 1 言(), e x c eptfor a slightdifferen c einthe w a v ele ngthra nge丘om 6 60n m -70 0n m.
In gen er al,this pr oble mhas v e rylarge dim ensio n s(61)in the w av elength r ange of 40 0n m ～
700n m(in 5n m steps)･ Itis n ot e asy to determin ethe optim al s olutio n. In the optimiz atio n, the
proble mhasbee n c o nstr ain ed byEq.(A.4 0). Thelinkage ofalldim en sio n shasbe endescribed bythe
lin e ar equ atio n s of Eq･(A･4 0), s othe optimizatio nproble mhasbe e n r eplac ed by alin e arly c o mbin ed
m ultidim e n sio n alpr oble mthathasonly partialdiffere ntials operating onthe co st fu n ctio nfo r o n e
1 8 2
para m eter･ The elimin ation of cro sterm sin the partialdiffer entials m ake sthe propos ed m ethod
simpleto s olv e ands u c ces sful.
In optimiz atio npr oblem s, ther eis oftendificultyin distinguishingbetw e en e xperim e ntal
e rr or and optl miz atio n err or･ In the optimiz atio n, A E= 0 is c ertain andthus,the optlmiz atio n error
ca nbe n eglected and only experime ntal e 汀Or is included in the re s ults. T his techniqu e c anbe
repe ated acro ssa n umber of m etam eric matchesto obtain ago odstatisticale stim ate ofanindividu al
obs e rv er's c mfs.
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